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Abstract. For a cardinal fi we give a sufficient condition © M (involving 
ranks measuring existence of independent sets) for: 
® M : if a Borel set B C R x ]R contains a /i-square (i.e. a set of the 

form A X A, \A\ = fi) then it contains a 2 °-square and even a 

perfect square. 
And also for 

&>^: if € L U j 1 ,uj has a model of cardinality /i then it has a model of 
cardinality continuum generated in a "nice", "absolute" way. 
Assuming MA+2 N ° > fi for transparency, those three conditions (® M , 
(gijj and C8>|,) are equivalent, and by this we get e.g. /\ 2 > N Q => 

and also min{/i : if < 2 N °, has cofinality Ni. 

We deal also with Borel rectangles and related model theoretic prob- 
lems. 



Annotated Content 

}0 Introduction. 

[We explain results and history and include a list of notation.] 

5I The rank and the Borel sets. 

[We define some version of the rank for a model, and then 
A q (k) is the first A such that there is no model with universe 
A, vocabulary of cardinality < k and rank < a. Now we 
prove that forcing does not change some ranks of the model, 
can only decrease others, and c.c.c. forcing changes little. 
Now: (1.12) if a Borel or analytic set contains a A Wl (Ko)- 



square then it contains a perfect square; clearly this gives 
something only if the continuum is large, that is at least 
Ao^No). On the other hand (in |TTT^ ) if n = //° < A Wl (N ) 



we have in some c.c.c. forcing extension of V: the continuum 
is arbitrarily large, and some Borel set contains a /i-square 
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but no /U + -square. Lastly (in |1.15 ) assuming MA holds we 



prove exact results (e.g. equivalence of conditions). 

2 Some model theoretic problems. 

[When we restrict ourselves to models of cardinality up to the 
continuum, A wl (No) is the Hanf number of L (JJltUJ (see 

Also (in |2.4| ) if ifi G L LUl)LU has a model realizing many types 
(say in the countable set of formulas A) even after (c.c.c.) 
forcing, then 

{{p : p a complete A-type realized in M} : M \= ip} 

has two to the continuum members. 

We then (|2.5| ) assume ip G L Ul}U has a two cardinal model, 
say for (n, k) and we want to find a (//, ^o)-model, we need 
A k +(k) < /u. Next, more generally, we deal with A-cardinal 
models (i.e. we demand that have cardinality A^). We 
define ranks ( |2.8[ ) , from them we can formulate sufficient con- 
ditions for transfer theorem and compactness. We can prove 
that the relevant ranks are (essentially) preserved under c.c.c. 
forcing as in §1, and the sufficient conditions hold for H Wl un- 
der GCH.] 

3 Finer analysis of square existence. 



[We (|3.1| , p^2j ) define for a sequence T = (T n : n < u) of trees 
(i.e. closed sets of the plane) a rank, degsq, whose value is 
a bound for the size of the square it may contain. We then 
( |3.3| ) deal with analytic, or more generally K-Souslin rela- 
tions, have parallel degrees. We then prove that statements 
on the degrees are related to the existence of squares in k- 
Souslin relations in a way parallel to what we have on Borel, 



using A q (k). We then (3.7 - 3.11) connect it to the existence 



of identities for 2-place colourings. In particular we get re- 
sults of the form "there is a Borel set B which contains a 
//-square iff /jl < A Q (K )" when MA + A Q (K ) < 2 N °.] 

4 Rectangles. 

[We deal with the problem of the existence of rectangles 
in Borel and K-Souslin relations. The equivalence of the 
rank (for models), the existence of perfect rectangles and the 
model theoretic statements is more delicate, but is done.l 



0. Introduction 



We first review the old results (from §1, §2). The main one is 
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(*)i it is consistent, that for every successor ordinal a < uj\, there is a Borel 
subset of u 2 x ^2 containing an K a -square but no perfect square. 

In fact 



(*)+ the result above follows from MA+2 K ° > N Wl . 



For this we define (Definition for any ordinal a a property Pr Q (A; k) of 
the cardinals A, k. The maximal cardinal with the property of N^ (i.e. for 
every small cardinal, c.c.c. forcing adds an example as in (*)i) is charac- 
terized (as A Wl (No) where A q (k) = min{A : Pr a (A;ft)}); essentially it is not 
changed by c.c.c. forcing; so in (*)i: 

(*)j if in addition V = V^, where P is a c.c.c. forcing then A wl (No) — 

We will generally investigate Pr a (A;/c), giving equivalent formulations 
( |1.1| - |1.6P, seeing how fast A q (k) increases, e.g. K +a < A Q (re) < ^uxa(i^) 
(in |1.7| , |lT8| ) . For two variants we show: Pr^(A;K + ) (a < k + ) is preserved 
by k + -c.c. forcing, Pr^(A;K + ) =^ Pr a (\; k + ) and -iPr a (A; k + ) is preserved 
by any extension of the universe of set theory. Now Pr aJl (A; No) implies that 
there is no Borel set as above (^) but if Pr Wl (A; No) fails then some c.c.c. 
forcing adds a Borel set as above ( |1 . 13 ) . We cannot in (*)i omit some set 
theoretic assumption even for N2 - see [Q| [LlH (add many Cohen reals 



or many random reals to a universe satisfying e.g. 2 N ° = Ni, then, in the 
new universe, every Borel set which contains an ^-square, also contains a 
perfect square). We can replace Borel by analytic or even /-c-Souslin (using 

In §2 we deal with related model theoretic questions with less satisfactory 



results. By |2.1| , 2.3 , giving a kind of answer to a question from [ Sh 49 |, 

(*)2 essentially A = A a;i (No) is the Hanf number for models of sentences 
in L Wl ^ when we restrict ourselves to models of cardinality < 2^°. 
(What is the meaning of "essentially"? If A^No) > 2 X ° this fails, but 
if A Wl (N ) < 2 Ko it holds.) 

In |2.4| we generalize it (the parallel of replacing Borel or analytic sets by 
K-Souslin). We conclude (|1|(2)): 

(*)3 if ijj e L Wi ,u(ti),tq C n are countable vocabularies, A C {<p(x) : (p E 
L w1 ,u(to)} is countable and ip has a model which realizes > A Wi (Nq) 
complete (A, l)-types then \{(M \ r )/ =: M \= ip, \\M\\ = A}| > 
min{2 A ,n2} (for any A), as we have models as in [Sh a, VII §4] = | Sh~c] , 
VII §4]. 

If we allow parameters in the formulas of A, and 2^° < 2 1 then (*)3 holds 
too. However even in the case 

2 A = 2 H 

we prove some results in this 
direction, see |Sh 262| (better [|Sh e , VII, §5]. We then turn to three cardinal 
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theorems etc. trying to continue | Sh 4Sfj (where e.g. (Na; ; ^o) — * (2 X °,^o) 
was proved). 

We knew those results earlier than, or in 1980/1, but failed in efforts 
to prove the consistency of "ZFC +A Wl (Ko) > (or proving ZFCh 

"A^^o) = ^wi")- By the mid seventies we knew how to get consistency of 
results like those in §2 (forcing with P, adding many Cohen reals i.e. in 
getting (*)3 for A = (3^) ). This is closely related to Silver's proof of "ev- 
ery Il}-relation with uncountably many equivalence classes has a 2^° ones" 
(a deeper one is the proof of Harrington of the Lauchli-Halpern theorem; 
see a generalization of the Lauchli-Halpern theorem, a partition theorem on 
K> 2, K large by QSh 288;] §4). 

In fact, about 88 I wrote down for W. Hodges proofs of (a) and (b) stated 
below. 

(a) If, for simplicity, V satisfies GCH, and we add > K Wl Cohen reals then 
the Hanf number of L Wx>ul below the continuum is 

(b) If ip £ Lu ltUJ [Ti) and some countable A C {(p(x) : tp G L Wi ^{tq)} 
satisfies: in every forcing extension of V, ip has a model which realizes 
2 N ° (or at least min{2 N °, complete A-types then the conclusion 
of (*)3 above holds. 

Hodges had intended to write it up. Later Hrushovski and Velickovic 
independently proved the statement (a). 

As indicated above, the results had seemed disappointing as the main 
question "is A wl (Ko) = N^?" is not answered. But Hjorth asked me about 
(essentially) (*)i which was mentioned in [ HrSh 152 ] and urged me to write 
this down. 

In §3 we define degree of Borel sets of the forms |J limT n C w 2 x u 2 

n<u> 

measuring how close are they to having perfect squares, similarly we define 
degrees for /-t-Souslin relations, and get results similar to earlier ones under 
MA and nail the connection between the set of cardinalities of models of 
ifi € L W1>W and having squares. In §4 we deal with the existence of rectangles. 
We can replace M? by M 3 without any difficulty. 

In subsequent paper [}5h 532| we continue | Sh 202(1 §5: consistency of the 



existence of co-K-Souslin (and even n3,-) equivalence relations with many 
equivalence classes etc and also try to deal with independence (concerning 
2.11 and [4.11 (1)) and the existence of many disjoint sections. 



I thank Andrzej Roslanowski for great improvement of the presentation 
and pointing out gaps, and Andres Villaveces for more corrections. 

Notation: 
Set theory: 

B A = {/ : / is a function from B to A}, the set of reals is w 2. 
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S <K (A) = [A]< K = {BCA:\B\< «}. 

By a Borel set B we mean the set it defines in the current universe. A 
u-square (or a square of size [/,) is a set of the form A x A, where A C 
w 2, \A\ = jji. A (//i, /^-rectangle (or rectangle of size (//i,^)) is a set of 
the form A 1 x A 2 , for some A\ C w 2, |^4/| = ^ (for / = 0, 1). A perfect 
square is V x T 7 , PC U 2 perfect. A perfect rectangle is "Pi x ^ ^ w 2 
perfect. Note: A perfect rectangle is a (2 N °, 2^°)-rectangle. Note: A perfect 
square is a 

2 H 

-square. 
V, Q denote perfect sets. 
P, Q denote forcing notions. 
P, Q, R denote predicates. 

A K-Souslin set is {rj G w 2 : for some v we have (r],u) G lim(T)} for some 
(2,fv)-tree T (see below). 

A K-Souslin relation (say an n-place relation) is defined similarly. 

For A = (A^ : C < ((*)), a A-tree is T C \J FJ n (A^), ordered by fj < v 44> 

n C<C(*) 

A ?7£ < i^. We usually let fj \t = (r? c \t : ( < £(*)). 
C«« 

For a A-tree T we define lim(T) = {fj G [1 W (A<;) :n<w^jjfnGT} 

C<C(*) 

(where (n^ : C < C(*)) t n = (Vc \ n '■ C < ((*)}) an d we define: 
lim*(T) = {fj G n w (\) : G hmT)(3fc < u)( /\ rj C \[k,uj) = 

C<C(*) c«w 

r/ c \[k,v))}. 

We will use mainly (2, 2)-trees and (2, 2, fc)-trees. 
Let rj ~„ v mean: 

7], v sequences of ordinals, 

i%(r\) = lg(v) and 

(Vfc)[n < fc < £g(r/) r?(fc) = i/(fc)]. 
For a tree T as above, u C £(*) and n < cj let 

r (~n,t0 = {jj . (3ife)(3P6lim(r))[i/€ EI & r/G n fe (A f ) 

c<cw c<cw 

& (VC€«)(7/ f ~„i/ C )]}. 

Let Fr n (A,/x, k) mean: 

if F a are n-place functions from A to A (for a < k) then for some 
A G [A] M we have 

for distinct ao, . . . , a n G A and a < k we have a n 7^ 

F a (ao, • • • , o n -i)- 

Model theory: 

Vocabularies are denoted by r, so languages are denoted by e.g L k ^(t), 
models are denoted by M,N. The universe of M is |M|, its cardinality 
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||M||. The vocabulary of M is r(M) and the vocabulary of T (a theory or 
a sentence) is r(T). R M is the interpretation of R in M (for R 6 r(M)). 
For a model M, and a set B C M we have: a € cl <K (i3,M) iff for some 
quantifier free ip = (p(y, x\ . . . x n ), and b±, . . . , b n G B we have 

M |= v?[a, &i,...,&„] & (3 <K x)(^(x,6i,...,6 n ). 

Let cl K (B,M)= cl <K+ (B,M) and cl(£,M) = cl <2 (B,M). (Note: if M 
has Skolem functions then c1 < k (-B,M) = cl<2(.B,M) for every B C |M|.) 
If re is an ordinal we mean |re| (needed just for phrasing absoluteness results). 
Let T denote a theory, first order if not said otherwise. 

1. The rank and the Borel sets 

Definition 1.1. 1. For / < 6, and cardinals A > re, 6 and an ordinal a, 
let Pr^(A; < re, 6) mean that for every model M with the universe A 
and vocabulary of cardinality < 9, rk'(M;< re) > a (defined below) 
and let NPr^,(A;< re, 6) be the negation. Instead of "< re + " we may 
write re (similarly below); if re = + we may omit it (so e.g. Pr^(A; re) 
means Pr^,(A; < re + , re)); if 6 = No, re = Ni we may omit them. Lastly 
let A' Q (< re, 6) = min{A : Pr^(A; < re, 6)}. 

2. For a model M, 

rk'(M; < re) = sup{rk'(w, M; < re) + 1 : w C \M\ finite non empty} 
where rk' is defined below in part (3). 

3. For a model M, and w € [M\* = f {u : u C \M\ is finite nonempty} we 
shall define below the truth value of rk'(w, M; < re) > a by induction 
on the ordinal a (note: if cl< K (u> , M) = ch^w, M) for every w £ [M]* 
then for I = 0, 1, re can be omitted). Then we can note 

(*)o « < /? & rk'(w, M; < re) > y^{w, M; < re) > a 

(*)i rk' (u>,M;< re) > 5 {5 limit ) iff A rk' (u>,M;< re) > a 

a<8 

(*) 2 rk l (w,M;< re) > iff w € [M]* and no a G tu is in cl <K (tt; \ 
{a},M). 

So we can define rk' (w , M ; < re) = a as the maximal a such that 
rk'(t«, M; < re) > a, and oo if this holds for every a (and —1 whenever 
rk l (w,M;< re) ^ 0). 

Now the inductive definition of rk^(tu, M; < re) > a was already done 
above for a = (by (*) 2 ) and a limit (by (*)i), so for a = (3 + 1 we let 
(*)3 rk'(u;, M; < re) > /3 + 1 iff (letting n = |u;|, w = {ao, a n -i}) 
for every k < n and a quantifier free formula (f(xo, . . . ,x n _i) (in 
the vocabulary of M) for which M \= (p[ao, . . . , a n _i] we have: 
Case 1: 1 = 1. There are a l m G M for m < n, i < 2 such that : 
(a) rk'({o4 : i < 2, m < n}, M; < re) > (3, 
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(b) M \= (p[a l , . . . , a l n _]\ (for i = 1, 2), so wlog there is no repeti- 
tion in Oq, . . . , 

(c) ^ but for m ^ k (such that m < n) we have 0^ = 0^. 
Case 2: I = 0. As for I = 1 but in addition 

(d) f\a m = a% l 

m 

Case 3: 1 = 3. We give to re an additional role and the definition is like case 1 
but i < re; i.e. there are a l m £ M for m < n, i < n such that 

(a) for i < j < k we have rk'({aj„, ajj : m < n}, M; < re) > /? 

(b) M |= <£>[a , . . . , a^_J (for i < re; so wlog there are no repeti- 
tions in Oq, • • • , 0^-1) 

(c) for i < j < re, a^. 7^ but for m / (such that m < n) we 
have A a m = "m 

i,j<K 

Case 4: Z = 2. Like case 3 but in addition 

(d) a m = for m < n 

Case 5: 1 = 5. Like case 3 except that we replace clause (a) by 

(a) - for every function F, Dom (F) = re, |Rang(F)| < re for some 
i < j < re we have F(i) = F(j) and 

rk'({c4, < : m < n}, M; < re) > (3. 

Case 6: 1 = 4. Like case 4 (i.e. / = 2) using clause (a) - instead of clause (a). 

We will actually use the above definition for I = mainly. As the cardinal 
X l a (< Ni, Ho) = (f° r ' < 2) may increase when the universe of set theory 
is extended (new models may be added) we will need some upper bounds 
which are preserved by suitable forcing. The case I = 2 provides one (and it 
is good: it does not increase when the universe is extended by a ccc forcing). 
The case I = 4 shows how much we can strengthen the definition, to show 
for which forcing notions lower bounds for the rank for / = are preserved. 
Odd cases show that variants of the definition are immaterial. 

Claim 1.2. 

1. The truth value ofW a (\; < re, 6*), rk'(M; < re) > a, rk l (w,M; < re) > a 
is preserved if we replace I = 0, 2, 3, 2, 2, 2, 3, 5, 4 by I = 1, 3, 1, 0, 1, 4, 5, 
1, 5 respectively (i.e. 2 -» 4, 3 -> 5 -» 1, -> 1, 2 -> 3, 4 -» 5, 3 -f 1, 
2 — > 0, 2 — > 1) and also if we decrease a, re or increase A (i/te Zas£ 
on/y w/ien M is not a parameter). So the corresponding inequality on 
X l a (< n,0) holds. 

2. Also vk l (wi,M; < re) > rk'(u> 2 , M; < re) for w\ C w 2 /rom [M]*. 

3. Afeo if we expand M , the ranks (of 'w G [M]*, of M ) can only decrease. 

4. If AC. M is defined by a quantifier free formula with parameters from 
a finite subset w* of M , M + is M expanded by the relations defined by 
quantifier free formulas with parameters from w* , M* = M + \A (for 
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simplicity M* has relations only) then for w € [A]* such that w %w* 
we have vk l (w,M*;< k) > rk l (w U w*, M; < k). Hence if w* = 0, 
rk'(M*;< k) > rk l (M;< k) 

5. In l.l(3)(*)2, if in the definition of cl< K we allow any first order 
formula, this means just expanding M by relations for any first order 
formula tp(x). 

6. For I odd, rk l (w,M; < n) > (\t(M)\ + K ) + implies rk'(u,M; < k) = 
oo. 

7. A„(< k,9) increases (<) with a, 9. 

8. There is no difference between I = 4 and 1 = 5. 

Proof : Check [e.g. for part (8), we can use function F such that 
(Va< n)(F(0) ^F(l + a)}. HQ 

Claim 1.3. 1. For I = 0, if a = rk l (M;< k) (< oo) then for some 
expansion M + of M by < + \ct\ relations, for every w € [M]* we 
have: 

rk l+1 (w,M + ; < k) < xk l (w,M; < k). 

2. Similarly for I = 2,4 

3. //Vo is a transitive class o/Vi (both models of ZFC) and M € Vo is 
a model then 

(a) for I < 4 

(a) [rk l (w, M; < k)] v ° < [vk l {w, M ; < k)] Vi for w G [M]* 
(P) [rk l (M; < k)] v ° < [rk z (M; < k)] Vi 
(7) if I = 0,1 equality holds in (a), {(3) 

(5) [AL(«)] V ° < l\ l a (*)] Vl if I = 0,1. 

(b) Assume 

(i) for every f : k — » Ord /rom Vi i/iere is A € suc/i that 
f \ A G Vo, or at /east 

every graph H on A /rom Vo which in Vi /ias a complete 
subgraph of size k, has such a subgraph in Vo, which holds if 

(ii) + Vi = V^ where P is a forcing notion satisfying the k- 
Knaster Condition. 

Then for I = 2,3, m (a), (/?) ('o/ fa^J above equalities hold and the 
inequality in (5) holds. 

(c) Assume Vi = V^ where P is k — 2-linked. Then for I = 4, 5 in 
clauses (a), (/3) (0/ faJJ aoove we have equality and the inequality 
in (5) holds. 

Proof 1) For j3 < a, n < to, a quantifier free formula ip = (p(xo, . . . , 
and k < n let 

Ra = {{do, ■ ■ ■ , a n -\) : a m G M for m < n and 

P = rk l ({a ,...,a n - 1 }, M; < «)}, 
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R p]tp = i( fl 0' • • • j a "-l) G R p : M H VN, • • • , On-l] 

for no € |M| \ {ao, ■ ■ ■ , a n -i} we have 
(a) M |= <p[ao, ■ ■ ■ ,ak-i,a\,ak+i, . ■ . ,o„-i] 
(/9) rk'({a m : m < n} U {4}, M; < re) > /?}, 

M + = (M, . . . i?^, . . . )/3<a,n<uj,k<n,<p 

Check (or see more details in the proof of 1.10| below). 
2) Similarly. 



3) The proof should be clear (for (b), looking at Definition LI case 3 the 
graph is ■ clause (a) there holds }). □ 



1.3 



Remark 1.4. 1. In |1.3| (1) we can omit "a = rk z (M; < re)" but then weaken 
the conclusion to 

rk m (w,M + ; < re) < ik l (w,M; < re) or both are > a. 

2. Similarly in |T|(2). 

Conclusion 1.5. 1. Pr^A) 4* Pr^A) <= Pr^(A) & Pr^(A) 4= Pr^(A) 

2. If a < re+ then Pr°(A;re) 4^ Pr*(A;re) <= Pr^(A;re) P4(A;re) 4= 
Pr2(A;re)^Pr3(A;re). 

3. For a < re+, A^(re) = A^ +1 (re) for Z = 0,2,4, and A°(re) < A^(re) < 
A*(re). 

4. For a > re+ and I = 0, 2, 4 we have A^ +1 (re) = A^re). 

Proof 1) By 2). 

2) For a = re + it follows from its holding for every a < re + . For a < re + ; 
for / = 0,2,4 we know that NPr^(A;re) => NPr^ +1 (A;re) by [D|l),(2), and 
Pr^(A;re) => Pr^ +1 (A;re) byOl); together Pr^(A;re) O Pr^ +1 (A;re). Now 
Pr^(A;re) =4> Pr^(A;re) Pr£(A; re) by |T|(1), together we finish. (By [D] 
we know more.) 

3) Follows from part (2) and the definition. 

4) By 0(6). ng 

Convention 1.6. Writing Pr a (A;re) for a < re + (omitting Z) we mean I = 0. 
Similarly A a (< re, 0) and so A Q (re) etc. 

Claim 1.7. Lei Z G {0,2,4}. 

1. NPr^ +1 (re+";re) 

2. If a is a limit ordinal < re + (m /act Ho < cf (a) < re + suffice), and 
NPr /3 (A ( g; re) for (3 < a 
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3. I/NPi4(A;k) then NPr l a+1 (X+ ; k) 

4. If NPv l Q (fi; k) for every fj, < A ffren NPr^ +1 (A;K) 

Proof 1) Prove by induction on a < k + , for a = use a model in which 
every element is definable (e.g. an individual constant) so rk(u>;M) = — 1 
for w € [M]* and hence rk'(M) = and consequently NPr^ (/c;/c); for a 
limit use part (2) and for a successor use part (3). 

2) Let Mp witness NPr^A^; re) for < a, i.e. rk'(Mg;re) < /3 and Mp 
has universe A^ and |r(iW^g)| < re. Without loss of generality (r(Mg) : 
(3 < a) are pairwise disjoint and disjoint to {Pp : (3 < a}. Let M have 

universe A ^= f ^2p <a Xp, Pp 1 = Xp, and M\Xp expand Mp and |t(M)| < 
l«l + Ep< a \r(Mp)\ < re. By O (3),(4), for u> G [A^]*, vk l (w,M;K) < 
rk'(w,Ma;/c) < (3 < a. But ro £ [\M\\* implies \f w £ [Xp\*. Clearly 

rk(M; re) < a and hence NPr^,, 1 (A; re). 

3) We define M + such that each 7 £ [A, A + ) codes on {Q : Q < 7} an exam- 
ple for NPr Q (|7|; re). More elaborately, let M be a model with the universe 
A such that rk'(M; re) < a. Let r(M) be {Ri : i < i* < re}, Ri an ra(i)-place 
predicate (as we replace function symbols and individual constants by predi- 
cates), Rq is a 0-nary predicate representing "the truth". For 7 G [A, A + ) let 
/ 7 be a one-to-one function from 7 onto A. Define r + = {Ri, Qi : i < i* < re}, 
Ri is n(i)-place, Qi is (n(z) + l)-place. So |r + | < re. We define a r + -model 
M + : the universe is A + , Rf I+ = Rf 1 , = {(ao,... , awjO : aw?) £ 
[A,A+)and A and (f an(i) (a ), • • • , / a „ (i) (a n (i)-i)> 6 i?, M } 

i<n(i) 

(so = [A,A + )). Now note that: 

(a) for w G [A]*, ik l (w, M + ; k) < rk*(w,M;re) 

(b) ifwC 7 G [A,A+), u; ^ then rk'(w U {7}, M+; re) < rk l (/^H> M; re) 
(easy to check). So if 7 < A + then 

(*) l7 <A rk'({ 7 },M + ;re) < rk'({ 7 },M;re) < rk'(M;re) 
(*) 2 7 G [A, A+) & /3 > rk'(M; re) rk'({ 7 }, M+; re) < (3. 
(Why (*)2? Assume not and let re = 2, re 2 = re 4 = re + . If (73 : i < n l ) 
strictly increasing witnesses rk'({7},M + ) > f3 + 1 for the formula Qo(x) 
then for some i < j < k 1 we have rk l ({ji,jj},M + ) > (3 and applying (b) 
with {72}, 7j here standing for w, 7 there we get rk'({/ 7j (7^)}, M) > f3 
hence f3 + 1 < rk (M), contradiction.) 
Hence 

(*) 3 rk'(M+; re) < rk'(M; re) + 1. 

As rk'(M+; re) < a clearly M + witnesses NPr Q+ i(A+; re). 

4) Like (3). 
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Conclusion 1.8. Remembering that A a («) = min{A : Pr^A; k)} we have: 

1. for a a limit ordinal A a («;) < H a (/c) and even A 2 (re) < 

2. for Z even (A^(k) : < a < do) is strictly increasing, and for a limit 
ordinal 5, A,j(/«) = supA Q (re). 

a<6 

3. A (k) = Ai(k) = k, A 2 (k) = k + , K +n < A„(k) < k +w and A^re) = 

Remark 1.9. A 2 xq ,(k) < n wX a(^) is proved essentially like the Morley omit- 
ting types theorem (see |Mg ] or see [ CK or [ [5h 4 VII §5] = Sh c , VII 



35])- 

Proof 1) We prove by induction on a, that for every ordinal (3 < a, 
model M, |r(M)j < k, and A C |M|, |A| > Xxa(^), and m, n < uj there 
is w Q A, \w\ = n such that rk 2 (u>, M; k) > uj x [3 + m. For a = 0, a limit 
this is immediate. For a = 7 + 1 (and M, A, (3, n, m as above), applying 
Erdos-Rado theorem we can find distinct Ou% £ A for i <C n^x'y (k) ++ such 
that: 

(a) for all to < ... < i m +n the quantifier free type (cij , . . . , a?, n+m ) in M is 
the same 

(b) for each k < m + n for every io < . . . < i n + m -k < XxiW, the ordinal 
min{u x a,rk 2 ({a io , . . . , a in+m _ fc }, M; «)} is the same 

By the induction hypothesis, in clause (b) the value is > uj x 7. Hence we 
can prove, by induction on k < m + n, that rk 2 ({aj , . . . , cii n+m _ k }, M; k) > 
uj x 7 + k whenever io < . . . < i m+n -k < ^uixj(^)- For k = this holds 
by the previous sentence, for k + 1 use the definition and the induction 
hypothesis, for rk 2 note that by clause (b) w.l.o.g. i\ + k + < i/ +1 and aj ;+ ^ 
for £ < k + are well defined. For k = m we are done. 

2) It is increasing by |l.2| (l), strict by |l.7| (4), continuous because, for limit 
5, as on the one hand \ 1 s (k) > supA^(re) as A^(/c) > A„(k) for a < 5, and on 

a<6 

the other hand if M is a model with universe A := sup A a («) and |t(M) | < k 

then a < 5 =>- rk'(M;«) > rk'(M \ A a ; k) > a hence rk l (M;n) > 5. So 
Pr a (A; k) hence A > X 1 s (k) so sup A^(k) = A > A^, together we are done. 

a<5 

3) By |Sh 49 1 (for the last two clauses, the first two clauses are trivial), 



will not be really used here. 

Claim 1.10. 1. Assume P is a forcing notion satisfying the k + — c.c. If 
Pr^(A;ft) and a < k + , then this holds in V p too. 
2. If P is a k, + — 2-linked forcing notion (or just: if pi € P for i < k + 
then for some F : k + — > k, F(i) = F(j) => pi, pj compatible), and 
a < k + and Pr^(A; k) then this holds in V p too. 
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Remark 1.11. 1. NPr Q (A; k) is of course preserved by any extension as 
the ranks rk'(M; At), rk l (w, M; k) are absolute for I = 0, 1 (see |1.3|(3)). 
But the forcing can add new models. 
2. So for a < k + , Aq,(k) < A^,(k) < A^(k) and a k + -c.c. forcing notion 
can only increase the first and the second (by |1.3|(3)(a)((5) and |Q|(3)(c) 
respectively) and decrease the third by 1.10| (1); a k + — 2-linked one fixes 



the second and third (as it can only decrease it by |1.10| (1) and can only 
increase it by |IJ(3) (a) (<5) + (b)(7)). 



3. Of course we can deal similarly with Pr a (A; < k, 6), here and in 1.2 



1. 



Proof We can concentrate on 1), anyhow let £ = {3,5} (for part (1) 
we use £ = 3, for part (2) we shall use £ = 5, we shall return to it later). 
Assume Pr 3 (A; k) fails in V p . So for some p* G P and ao < a we have: 

p* I hp "M is a model with universe A, vocabulary r of cardinality < k 

and rk^(M; k) = a " . 

Wlog every quantifier free formula ip(xo, . . . ,rc n „i) is equivalent to one of 
the form R(xq, . . . , x n -i) and wlog r = {R n ,( '■ n < u, Q < k} with R n ^ an 
n-place predicate. Note that necessarily ao < k + hence |«o| ^ K - 

As we can replace P by P\{q € P : p* < q}, wlog p* is the minimal 
member of P. Now for non zero n < uj, k < n, C<k and (3 < ao (or 
P = — 1) we define an n-place relation Rn^^^k on A: 

Rn£,p,k = {( a 0) • • • ; Qn-i) : «m € A with no repetitions and 
for some p € P, 

p Ihp " [M (= C [ Q 0, • • • , an-i] & rk^({a , . . . , a„_i}, M; k) = (3, 
where "not rk 3 ({ao, . . . , a n _i}, M; k) > (3 + 1" is witnessed 
by cp = R n £ and k]"}. 

Let M+ = (A, ...,Rn,(;,/3,k,---)n<ij,<;<K,l3<ao,k<n, so M+ is a model in V 
with the universe A and the vocabulary of cardinality < k. It suffices to 
prove that for < ao: 

% if w = {a , . . . , a n -i} € [M + ]*, M + \= R n ,c,i3,k[ a o, ■■■ 1 a n-i] 
then rk £ ({ao, • • • , a n -i}, M + ;k)<(3 
(note that by the choice of M and R n ,Q,/3,k, if w € [Af + ]* then for some 
n, C, (3, k we have M + \= -Rn,c,/3,fc[oo 5 • • • , «n-i])- This we prove by induction 
on (3, so assume the conclusion fails; so 

rk £ ({ao, a n _i}, M+; k) > (3 + 1 

(and eventually we shall get a contradiction) . By the definition of rk 3 applied 
to ip = R n £,/3,k, (3 and k we know that there are a l m (for m < n,i < k + ) as 
in Definition |1.1|(3) case I = 3. In particular Af + \= Rn^^^Wo' ■ ■ ■ i a n-i\- 
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So for each i < k + by the definition of R n ,c,p,k necessarily there is pi £ P 
such that 

Pi lhp"M \=R niC [al...,ai l _ 1 ]ajidik e ({al...,ai l _ 1 },M-,K) = 
(3 and [not rk £ ({aQ, • • • , a^_i}, M; k) > (3 + 1] is witnessed by 
V? = Rn,C, an d fe" • 

For part (1), as P satisfies the n + — cc, for some q S P, q \\- u Y = {i : 
Pi ^ Qp} nas cardinality k + " (in fact pi forces it for every large enough i). 
Looking at the definition of the rank in V p we see that ((a l , . . . , a t n _ 1 ) : i £ 
Y) cannot be a witness for "the demand for rk 3 ({ag°, . . . , a>n-i}i Mi K ) > P 
for Rn,c,k hold" for any (or some) io G Y, so for part (1) 

(*) ^ Ihp "for some i / j in Y we have rk 3 ({aQ, . . . , a l n _ x , a? k }, M; k) < 0" 

(as the demand on equalities holds trivially). 

As we can increase q, wlog q forces a value to those hence wlog for 
some n(*) = n + 1 < u, £(*) < k and /?(*) < (3 and for &(*) < n + 1 we 
have 

glhp" rk 3 ({a l ,..., 4_ l7 4>, M; /*)=/?(*), and 

rk 3 ({aQ, . . . , a^_i, a^}, M; «) ^ /?(*) + 1 is witnessed by 
(p = Rn(*),C(*) (x ,..., x n ) and fe(*) " . 

Hence by the definition of -R n (*),c(*),/3(*),fc(*) we nave 

^ + 1= Rn(*)£(*),/3(*),k(*) t a 0' • • • ' a n-l) a fc]- 

As /?(*) < /3 by the induction hypothesis <S>/3(*) holds hence 

rk 3 ({aj,...,££_ 1 ,aji}, M+;«) </?(*), 

but this contradicts the choice of a l m {rn < n, i < k + ) above (i.e. clause (a) 
of Definition [0](3) case ^ = 3). This contradiction finishes the induction 
step in the proof of <g>/3 hence the proof of 1.10| (1). 

For part (2), we have (pi : i < k + ) as above. In V p , if Y = {i : 
Pi S Gp} has cardinality k + , then ({a},, . . . , Q^_i) : i G Y) cannot wit- 
ness rk 5 ({ao, • • • , a n -i}, M; k) > (3 + 1 so there is a function F° : Y — ► k 
witnessing it; i.e. 

Ihp "if \Y\ = k + then 

i eY & j eY & j & F°(i) = F°(j) => 

(3 > rk 5 ({a' , . . . , U {a J , . . . , M; k)» . 

If |Y| < k, let F° : Y -> n be one to one. Let pi < % € P, % lh F°(i) = ji. 
As P is K + -2-linked, for some function F 1 : k + — > k we have (Vi,j < 
k + )(F 1 {i) = F 1 ^) =4> gfj, qj are compatible in P). We now define a function 
F from Y to k by -F(i) = pr(7i, F 1 ^)) (you can use any pairing function pr 
on k). So if i < j < k and F(i) = F(j) then there is qij such that P |= 
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"q% < Qi,j^Qj < hence q itj lh P "rk 5 ({a ,... , a^_ x , a^}, M; k) < f3" , so 
possibly increasing ^j, for some /Jjj < /3 and £y < k and fcjj < n we have 
lh "rk 5 ({a ,... ,ci_ x ,a? k },M-K) = fa and rk 5 ({a ,... 2 
/3y + 1 is witnessed by 99 = -R n+ i^ t (xo, • • • , x n ) and fcij". 
Hence by the definition of Rn+i^ijAjMj we nave 

M + |= Rn+l^ijAjM,] Kb • • • i °n-l> a fc]' 

but fyj < (3 hence by the induction hypothesis 

rk 5 ({4,... ,ai l _ 1 ,a{},M+; K )< fa. 

So F contradicts the choice of ((a > . . . , a^_ x ) : i < k + ) i.e. clause (a) - of 
Definition 1.1 Case 5. L_ |i iq| 

Claim 1.12. Let B C u 2 x w 2 be a Borel or even analytic set and Pr £Jl (A). 

1. If B contains a X-square then B contains a perfect square. 

2. If B contains a (A, A) -rectangle then B contains a perfect rectangle. 

3. We can replace analytic by K-Souslin if Pr K +(A; k). (This applies to 

se ~k s which are ^i-Souslin). 



Proof You can apply the results of section 2 to prove |1.12| ; specifically 
|2.1| (1) =>- (2) proves parts l.,2. of [1 .12 and 2A proves part 3. of 1.12] ; those 
results of §2 say more hence their proof should be clearer. 
However, we give a proof of part (1) here for the reader who is going to read 
this section only. Suppose that B C w 2 x w 2 is a Borel or even analytic set 
containing a A-square. Let T be a (2, 2, w)-tree such that 

B = {(770,771) G "2 x -2 : (3p G "u)[(r, ,m, p) G lim(T)]}, 

and let {i] a : a < A} C w 2 be such that the square determined by it is 
contained in B and a</3<\=>r) a ^ rjp. For a, (3 < A let F(a, (3) G w uj be 
such that (rj a ,r]g, F(a, (3)) G lim(T). Define a model M with the universe 
A and the vocabulary r = {R Vo ,vx,v> Qu ,u '■ ^0, vi € w> 2 and v G w> w}, each 
Ru Q ,v lt u a binary predicate, a unary predicate and 

QviU = {a < \ : v <r] a & v < F(a, a)}, 

R to,u u u = {(«> (3) £ \ x \ :vo<r] a & v 1 <7 1 f 3 & v< F(a, (3)}. 

By Pr Wl (A) we know that rk°(M) > u x . 

A pair (it, h) is called an n- approximation if u C n 2, /i : u x u — > n oo and 
for every 7 < a>i there is w G [A]* such that: 

(©1) ^ = {n a \n : a G w} and r/ Q fn 7^ 77^ fn for distinct a, (3 G u; 
(©2) rk°(7i;,M)>7 
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(©3) F(a, (3) \ n = h(rj a \ n, rjp \ n) for a, (3 G w; hence 

M \= Rri a \n,r]f 3 \n,h(r] a \n,rjfj \n) [ a i P] 

for a, (3 G w. 

Note that ({()}, {(((), ()), ())}) is a O-approximation. Moreover 

(*)o if (u, h) is an n- approximation and v* G u 

then there are m > n and an m- approximation (u + , h + ) such that: 

(i) v£u\{u*} => {3\v+)(v<v + G u+), 

(ii) (3' 2 i> + )(i>* <u + G u + ) (where 3 !2 x means "there are exactly 2 x's) 
(hi) => v\n G u and 

(iv) if i^i , 1^2 £ ^ + then 

[/i(z^i |"n, z/ 2 \n) < h + (ui, u 2 ) or (z^i |"n = i/ 2 [n = i/* & ^ / f 2 )] 

[Why? For each 7 < cji choose satisfying (©1), (©2) and (©3) for 7 + 1, 
now apply the definition of rk° (if u> 7 = {a] : I < |to 7 |}, v* < 7i Q 7, < |«; 7 | 
we apply it to fc) to get = w 7 U {a 7 } satisfying (ffii), (©2) and (©3) 
for 7, then choose m 7 G (n, co) such that (ry a f m 7 : a G «;+) is with 
no repetitions. Lastly as there are only countably many possibilities for 
(m 7 ,{r] a \ m 7 : a G w+}, {(r? a f m 7 ,r? /3 f m y ,F(a,(3) \ m 7 ) : a,/3 G 
for 7 < cji, so one value is gotten for uncountably many 7, let 7* be one of 
them. Choose m = m 7 *, u + = {r/ Q \ m : a G to| } and define /i + to satisfy 

(©3).] 

Repeating |u|-times the procedure of (*)o we get 

(*)i if u = {yi : I < k} C n 2 (no repetition), (u, fa) is an n- approximation 
then there are m, u + = {u^ : I < 2k} and h + such that (u + , h + ) is an 
m-approximation for some m > n and 

(i) vi < 1/+, ^ < 1/+ ^ 

(ii) if I < k, i < 2 then /i(i^, i/j) < fa + ( l/ 2«+i' u 2l+i) an< ^ 

(hi) if Zi / Z 2 , < k and i,j < 2 then h{v h ,v h ) <h + {v+ h+v v+ h+j ). 

Consequently we have: 

(*) 2 there are sequences (rij : i < to) C cj and ((ui,hi) : i£w) such that 
nj < rXj+i, (ui,hi) is an n^-approximation and (ui,hi), (uj+i, faj+i) are 
like (u,/i), of (*)i. 

Now, let (rii : i < uj) and ((tij, hi) : i £ uj) be as in (*) 2 . Define 

P = {t ) e u 2 : (Vietj)(# ! eii l )}. 

By (*)i for (uj + i,/ij + i) we know that is a perfect set. We claim that 
V x V Q B. Suppose that 7/, 7/' G "P and rj ^ 77". Then r/fn^*) 7^ r/'t^jf*) 
for some z(*) < u; and the sequence {hi(r)' \rii,r)" \ni) : i(*) < i < uj) is <- 
increasing and (as (ui, hi) are approximations) (7/ \rii, rj' \rii, hi(r)' \rii, rj" \n,j)) G 
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T is increasing for i £ [i(*),u). The case rj = r/" £ V is easier. The claim 
is proved. I |i.i2j 

Theorem 1.13. Assume NPr aJl (A) and A < \i — \i °. Then for some c.c.c. 
forcing notion P, |P| = fi and Ihp "2^° = //" and in V p we have: 

(*) £/iere is a Sord sei B C w 2 x u 2 such that : 

(a) it contains a X-square. i.e. there are pairwise distinct n a £ ^2 for 
a < X such that (n a , rjp) £ B for a, (3 < X 

(b) let V |= A x ° = Ai; B contains no X^ -square, i.e. there are no rj a £ 
w 2 (for a < Xf ) such that [a / |3 => ij,, / rjp] and (n a ,rjp) £ B 
for a, (3 < A+ 

(c) B contains no perfect square. 

Actually B is a countable union of closed sets. 

Proof Stage A: Clearly for some a(*) < uo\ we have NPrL^(A). Let M 

be a model with universe A and a countable vocabulary such that rk 1 (M) < 
a(*). Let functions ip M ,k M with domains 

[A]* = {u : u C A, u is finite and u ^ 0} 

be such that: 

if u = {ao, . . . , a n -i} £ [A]* increasing for defmiteness, (3 = 
rk°(u,M) (< a(*)) then ^ M (n) is a quantifier free formula in 
the vocabulary of M, k M (u) is a natural number < n = \u\ such 
that ip M {u), k M (u) witness "not rk^M) > @ + 1" 
(the same definition makes sense even if /? = — 1). In particular 

M ^ip M (u)[...,a,...] aeu . 

We define the forcing notion P. We can put the diagonal {(77,77) : 77 £ 
^2} into B so we can ignore it. We want to produce (in V p ) a Borel set 
B = |J B n , each B n (C w 2 x w 2) closed (in fact perfect), so it is lim(T n ) for 

n<u> 

some (2,2)-tree T n , B is the diagonal, and 77 = (77^ : a < fj) as witnesses 
to 2 H ° > fj, and such that {77^ : a < A} gives the desired square. So for 
some 2-place function g from A to oj, a ^ (3 (77a, 77/3) € lim(T g ( a ^)) , all 
this after we force. But we know that we shall have to use M (by |1.12[) . In 
the forcing our problem will be to prove the c.c.c. which will be resolved 
by using M (and rank) in the definition of the forcing. We shall have a 
function / which puts the information on the rank into the trees to help in 
not having a perfect square. Specifically the domain of / is a subset of 

{(n, h) : (3/ £ u)(u £ [ l 2]*) and h : u x u — > uj} 

(the functions h above are thought of as indexing the B^s). The function 
/ will be such that for any distinct q , . . . ,a n -i < A, if (r] at \l : t < n) 
are pairwise distinct, u = {i] at \l : t < n}, h(j] at \ l,r] as \ I) = g(at,a s ) 
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and (u,h) G Dom (/) then rk 1 ({a; : I < n},M) = fo(u,h) and fi(u,h) is 
Va k \l, where k = k M ({cut '■ t < n}), f2(u, h) = ip M ({ci\ : I < n}) writing the 
variable as x u , v G u and f(u, h) = (fo(u, h), fi(u, h), f2(u, h)). (Note: / is a 
way to say (J n lim(T n ) contains no perfect square; essentially it is equivalent 
to fixing appropriate rank.) All this was to motivate the definition of the 
forcing notion P. 

A condition p (of P) is an approximation to all this; it consists of: 

1. vP = u\p], a finite subset of p 

2. n p = n\p] < uj and rf a = rj a \p] G "^2 for a G u[p] such that q^)3=> 

3. fhP = (mf : I < n p ) is a strictly increasing sequence of natural numbers 
with last element m n[ p ] = mP = m \p] an d for m < m\p], we have 
tm = t m [p] C |J ( l 2 x l 2) which is downward closed (i.e., (1^0,^1) G 

l<n[p] 

t p m n( l 2x l 2) & k < I K,^i)rA; = (jy r^, ^i tfc) eC), also ((), ()) G 
tm and defining < naturally we have: 

if (770, m) G C n ('2 x z 2) and / < n p 

then (3^j,n)[( % ,»7i)<(^),vi) G C D ( m 2 x z+1 2)]. 

4. a function / p = f\p], its domain is a subset of: 

{(u, h) : for some / < n\p], u C z 2, |u| > 1, h is a 2-place 

function from u to m[p] such that : [r/ G u =4> h(r],rj) = 0] 
and [77,1/ Gu^ (V,v) £t P h{r]l/) }} 

and / p is such that 
f p (u, h) = (f p (u, h),f p (u, h),f p (u, h)) G [-1, <*(*)) x « x L^(t(M)). 

5. a function g = g p with domain {(a,/3) : a,/3 from vP n A} such that 
flf(a, a) = and if a / /? =4> < g(a, (3) < m p and (7$, 77^) G ^( Q)/3 ) n 
m(p)2 x n(p)2) 

6. ^ = {(77,7,) :r?G^2} 

7. if u C '2, |u| > 1, / p (u,/i) = (p*,p*,<p*), and Z < /(*) < n p , a 
are functions with domain u (for i = 0,1) such that (Vp)[p G u 
p«e;(p) G 'W2]) and (Vp G u)[e (p) = e ± (p) p + p*], u' = 
Rang(eoftt) U Rang(ei \u), and h(r),v) = h! (ei(rj) , ei(v)) for 77 7^ 1/ in -u 
and / p « /V) = (/?', p', 99') (so is well defined) then (3' < (3* 

8. if I < n p , w C u p n A is non empty, the sequence (r] p \l : a G w) is with 
no repetitions and /i is defined by ^(r/SfZ, = 9 p ( a iP) < m P for 

a (3 from w; (and /^(r/S ^0 10 = 0) an d ^ = : a G 

then / p (u, /i) is well-defined, /f (u, h) = ip M (w), f p (u, h) = rf a \l where 

a is the k M (w)-th member of w and f p (u,h) = rk 1 (tt),M); of course 
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in f p (u, h) = ip M (w) the variable x v in /f(n, h) corresponds to x\ aCiW \ 
if rj a \ I = v (see last clause of © p below) 
9. if (u,h) G Dom (/ p ) then for some w and I, f p (u,h) is gotten as in 
clause (8). 

10. if 7/i / 7/2 are in l 2, I < n p and (7/1,7/2) G tm, < m < mP then for some 
a,\ 7^ «2 from u p n A we have (J p (ai, 02) = m and 7/1 < 7/^, 7/2 <! t/S 2 - 
The order is the natural one (including the following requirements: if 
p < q then n p < n q , mP < m q , fhP = m q \ {n p + 1), u p C u g , rja\n p = rja 
for a € uP, 4 = 4 n U ( € 2 x £ 2) for m < mP, 5 P = ffM « p and 

^<n[p] 

/p = fi \{( u , h) G Dom (/«) : tj C ™ p ^2}, so if (u, h) £ Dom (/*»), 77 C ™ p >2 
then (u,/i) ^ Dom (/«)). 

Explanation: The function / p of a condition peP carries no additional 
information. It is determined by the function g p and functions tp M , fc M and 
the rank. Conditions 8, 9 are to say that 

© p if T^o, w\ C A n 7t p , / < n p , 77 = {77SI7 : a G 7t>o} = {t^\1 '■ a G w±} 
(no repetitions) are non empty and h : u x u — ► mP is such that if 
either a, (3 £ wq or a, (3 £ w\ then /i(r/S \l, rj^ \l) = g p (a, (3) 

then v\a l (w n ,M) = rk\ Wl ,M), f M (w ) = <p M (u>i), k M {w ) = k M { Wl ), 
and if a i: fa G Wi for i = 0, 1 and 7/ ao [" / = t/ Qi [" Z, t/^ f I = 7/ /3l |~ / 
then cto < a± (3o < (3± . 

Moreover, condition 7 gives no additional restriction unless /q (u, h) = —1. 
Indeed, suppose that n C l 2, \u\ > 1, / < £(*) < 

p* G u, v! and /V are as there and f p (u, /i) > 0. As f p (u' , h!) is defined we 
find 77; C A n 7i p , ao,ai G 77; («o / «i) such that u' = {r$t\l(*) : a G 
h'(r&\l(*),T%\l(*)) = g p (a,f3) < mf and e;(p*) = fZ(*) (for i = 0,1). 
Looking at w \ {ao}, w \ {a\} and (77, h) we see that 

a = k M {w \ { ai }),<p M (w \ {a }) = V M (w \ {«!» and 

rk^^VlaiKM) =f (u,h) >0. 

By the definition of the rank and the choice of ip M , A; M we get rk 1 (7t;, M) = 
/q (n, /i) and hence /q (77', /i') < /q (u, /i). 

If /q (77, /i) = —1 then clause 7 says that there are no respective eo, ei intro- 
ducing a ramification. 

Stage B: P satisfies the c.c.c. 
Let p l G P for i < wi; let 77[p l ] = {a\ : I < \u\p l ]\} so with no repetition. 

Wlog \u\p l ]\ does not depend on i, and also n\p l ], rf ai , fh p \ (tfn : 777 < m p '}, 
g pl {a\ i , a\ ), /[p 1 ], and for a nonempty v C such that /\ a| < A, 

rk 1 ({o| : Z G «}, M), ^ M ({«« = i G «}), ^ M ({«« and the truth value 
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of a\ > A do not depend on i. Note that writing tp[w] we always assume 
that ip carries an information on the order of w. 
Also by the A-system argument w.l.o.g. 

af l =af 2 ki 1 ^i 2 ^h = l 2 k /\al=aj 2 . 

i,j 

We shall show that p®,p l are compatible by defining a common upper 
bound q: 

(i) n q = n[p l ] + 1 

(ii) u q = {aj: I < \u\p% i < 2} 

(iii) rf A is: ^r(O) if i = 0, 7^(1} = rf^(\) if i = 1, a° ^ a, 1 

(iv) mfg] = m[p°] + 2 x |A n \ ufp 1 ]) 2 , m q = fh p " " (m[q\) 

(v) g q 5 U g Pl is such that g q assignes new (i.e. in [m p ,m q )) distinct 
values to "new" pairs (a, (3) with a ^ (3 i.e. pairs from (A x A) fl {u q x 
u q )\u p ° x u p ° \u pl x u p \ 

(vi) the trees tm (for m < m[q\) are defined as follows: 
if m = see clause 6, 

if m < m[p°], m > then 

4 = tt U {(»/« , rL ) : e G {0, 1} and distinct h, l 2 < u\p°] 

h h 

satisfying g p (a^a^) = m} 
and if m € [m[p°], m[q\), m = g q {a,j3) and a ^ (3 then 
t q m = {(v q a \l,V$\l)--l<n q } 

(vii) if m 6 [m[p°],m[g]) then for one and only one pair (a, j3) we have 
m = g q (a,/3) and for this pair (a,/3) we have a /ft {«,/?} 2 u b°] 
and {a, /?} <2 ufp 1 ] 

(viii) The function f q is determined by the function g p and clauses 8, 9 of 
stage A. 

Of course we have to check that no contradiction appears when we define f q 
(i.e. we have to check (& q of the Explanation inside stage A for q). So suppose 
that wo, w\ C A H u[q], I < n[q], u, h are as in © g . If wq C (for some 
i < 2) then g q (a,(3) < m[p°] for a,/3 G u?o and hence (^[ifi x w±] C m[p ]. 
Consequently either C u[p°] or C ufp 1 ]. If / = n q then necessarily 
u>o = wi so we have nothing to prove. If / < n q then (u, h) G Dom (/ p ) 
(and f p = f pl ) and clause 8 of stage A applies. 

If wo is contained neither in u[p } nor in ^[p 1 ] then the function g q satisfies 
g q (a,f3) G [m[p°], m[q\) for some a, (3 G wq hence I = n q and so as \ I : 
a G wo} = {r]% \ I : a G w±} clearly wo = w±, so we are done. 
Next we have to check condition 7. As we remarked (in the Explanation 
inside Stage A) we have to consider cases of (u, h) such that f q (u, h) = —1 
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only. Suppose that u, I < < n q , a, h, p* G u, v! and h' are as in 7 (and 
f q (u, h) = — 1). Let w C u[q]C\X, ao, a\ G w be such that u' = {r/a ["/(*) : a G 
w},ei(p*) =^Ji(*) (fori = 0,l)and^(a,/3) =/i'(^^(*),^^(*))- If™ £ 
w[p J ] for some z < 2 then we can apply clause 7 for p* and get a contradiction 
(if = n q then note that {r] q t \n p : a 6 w} are already distinct). Since 
a G tt;\{ao> a i} implies g q (a, ao) = g q (ce, ol\) (by the relation between h and 
/i') we are left with the case w \ {ao, «i} C u[p°] n ^[p 1 ], ao G u\p ] \ u\p l ], 
a\ G u[p l ] \ u\p°] (or conversely). Then necessarily ao = a° Q , ai = for 
some jfeo, fci G [0, \u[p°}\). Now fci = fc M (w \ {a }) = fc M (w \ {ai}) = fc by 
the requirements in condition 7. Now we see that for each i < io\ 

M \= <p M (w \ {a })[w \ {ao,a!} U {<}] 

and this contradicts the fact that ip M (w\{ao}), ol\ witness rk 1 (w\{ao}, M) = 
-1. 

Stage C: |P| = p hence H- P "2 U ° < p". We shall get the equality by 
clause (7) at stage E below. 

Stage D: The following subsets of P are dense (for m,n < uj, a < p): 

= {p £ P : m\p] > m} 

J2 = { p G p : n p >n} 

lf = {pGP: a G u\p]} 
PROOF Let p G P, ao G p \ u[p] be given, we shall find q, p < q G 
-^m[p]+i ^"^n[p]+i ^-^ao' ^ s c l ear ly suffices. We may assume that u\p] 7^ 
and ao < A. Let 

(a) n q = nP + 1, = mP + 2-|(An«[p])|, m« = m""(m«), = u p l>{a }, 

(b) for a G u v we let r/« = r]a"(0), rja G ( nP+1 )2 is the sequence constantly 
equal 1, 

(c) g q is any two place function from u q n A to m 9 extending g p such that 
g q (a, a) = 0, g q (a, (3) / for a + (3 and 

g q (a,P)=g q (a',P') & (a, (3) + (a', f3') 

=► (a, /3) G vP x u p & (a', /?) G u p x vP 

(d) is defined as follows: 

(a) if m < mP, m + then 4=4U {(V(0), r?r(0)) : (r/ ,r/i) G 

C n ( n ^2 x ™W2)} 
(/?) if m € K, m q ), m = g q (a, (3), a ^(3 then t q m = {{rf a \l, r) q \l) : I < 

n q } 

(e) / 9 extends f p and satisfies 7,8 and 9 of stage A (note that f q is deter- 
mined by g q ) 

Now check [similarly as at stage B]. 
Stage E: We define some P-names 
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(a) rj a = {]{ia ■ P G G F } for q < A 

(b) T m = \J{tfn : p G Gp} for m < a; 

(c) 5 = Uti P ■ P e G P } 
Clearly it is forced (ll~p) that 

(a) 3 is a function from {(a, /3) : a,/3 < A} to to 

(Why? Because X\ are dense subsets of P and by clause 5 of stage 

A) 

(/?) Va € "2 

(Why? Because both 2^ and X\ are dense subsets of P) 
(7) ^ Vp for a ^ (< n) 

(Why? By clause 2. of the definition of p G P.) 
(*) Tm C Uj< w ( J 2 x '2) is an (2, 2)-tree 

(Why? By clause 3. of the definition of p G P and density of 2^,2^.) 
(e) (Tfa, ^ G lim(T 9(Qj/3) ) = {(z^i) £ u 2 x w 2 : (V/ < u){{u Q \l,u x \l) G 

T 5 («,/3))} ( for a, P < X). 

(Why? By clause 5. of the definition of p G P and ((3) + (5) above.) 
(C) if oc 7^ (3 are < A then (r} a ,r}p) ^ lim(T m ) when m 7^ g(a,/3) (and 
m < uj) 

(Why? By clauses 2. + 10. of the definition of P if m 7^ and 
clause 5. if m = 0.) 

Note that by clause (e) above the Borel set B = \J lim(T m ) C w 2 x w 2 

m<u) 

satisfies requirement (*) (a) of the conclusion of 1.10. Moreover, by clause 
(7) above we have lh P "2 N ° > fj," completing stage C (i.e. lh P "2 H ° = /j") 



Stage F: We want to show (*)(c) of the conclusion of |1.13| . Let Pa = 
{p G P : u[p\ C A}. Clearly Pa <5 P. Moreover g,T m ,B are PA-names. 
Since "B contains a perfect square" is a XJj-formula, so absolute, it is enough 
to prove that in V Pa the set B contains no perfect square. 

Suppose that a P^-name T for a perfect tree and a condition p G P are 
such that 

p lhp A "(limT) x (limT) C B" . 

We have then (a name for) a function m : lim(T) x (limT) — > uj such 
that: 

P I^P A "if m,Vl G lim T tn en (f? ,r?i) G Tm(r;o,m)"- 
By shrinking the tree T we may assume that p forces (lr-p. ) the following: 

"if m^iiVoiVi e lim T, % \i = v'oU¥ : m U = vi \ l 

then 7^(770,771) = m(77 , 77i)". 

Consequently we may think of m as a function from T x T to w (with 
a convention that if vq,v\ G T are <i-comparable then m{yo,vi) = and 
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rf{f) <ve £ T m(v{£),r)*(l - £)) = m(y h v x _£) and if = lg{y 2 ) 

then (i/i,i/ 2 ) G T m{l/1>I/2) ). 

Choose an increasing sequence (m : i £ oj) of natural numbers and se- 
quences (pi : i G to) C P, ((tj,mi) : i £ to) such that: 

1. Po < Pi < • • • < Pi < Pi+i < • • • 

2. tj C n *-2 is a perfect tree, (i.e. [rj < z/ G f* n ni -2 => 77 G ij], () G t , 
[77 G TH> 2D U V £ and m, : n n '2) 2 — >w 

3. U C ti+i is an end extension (i.e. ti = ( ni -2) n ii+i) such that each 
node from tiD ni 2 ramifies in ti + \ (i.e. has <- incomparable extensions) 

4. Pi lhp A 'Tn n ^2 = ti & m[(^n n *2) 2 = mi" 

5. > rjj, m[pi] > max Rang (mj). 

Since lhp A "(i/ ,^i) G T m .^ 0jV1 f for z/ , z/i G U n"'2 we easily get (by 
clause 8 of the definition of P, stage A) that (ij n ni 2, rrii) G Dom(/ R ). By 
clause 7 (of the definition of P) (and 1.2(2)+ clause 8 of the definition of 
P) we deduce that 

/ Pl+1 (t m n ™^2,m m ) < ff(ti n n %mi) 

for each i < u and this gives a contradiction (to the ordinals being well 
ordered) . 

Stage G: To prove (*)(b) of theorem |1.13j we may assume that V |= 
"A K ° = Ai < /i". Let P Al = {p G P : u[p) C Ai} <° P. Note that the 
rest of the forcing (i.e. P/P Al ) is the forcing notion for adding \i Cohen 
reals so for v C fj, \ Ai the forcing notion P„ is naturally defined as well 
as PAxUt;- By stages C, E we know that V Pa i ^"2 k ° = Ai" and by stage 
F we have V Pa i ^"the Borel set B does not contain a perfect square". 
Suppose that after adding p Cohen reals (over V Pa i ) we have a A^-square 
contained in B. We have A^-branches p (a < Xf), each is a P„ a -name for 
some countable v a C p, \ Ax- By the A-system lemma wlog we assume that 
a ^ j3 =>■ v a C\vp = v* . Working in V Pa i u,; * we see that P v \ v * is really the 
Cohen forcing notion and p a is a P fio y-name. Wlog v* = [Ai, Xi+u), v a = 
v*L){uj + a} and all names p a are the same (under the natural isomorphism). 
So we have found a Cohen forcing name r G V Pa i+" such that: 

if cq,c\ are (mutually) Cohen reals over V Pa i+" 
then V Pa i[c ,ci] |= (t c °,t Ci ) G B & r c ° + t c K 

But the Cohen forcing adds a perfect set of (mutually) Cohen reals. By 
absoluteness this produces a perfect set (in V Pa i ) whose square is contained 
in B. Once again by absoluteness we conclude that B contains a perfect 
square in V Pa already, a contradiction. I |i.i3| 
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Remark 1.14. Note that if B is a subset of the plane ("w^w) which is G,5 
(i.e. P| U n , U n open, without loss of generality decreasing with n) and it 

n<u) 

contains an uncountable square X x X (so X C ^u; is uncountable) i/ien it 
contains a perfect square. Why? Let 

I' = {i)£l: (Vn)(3 Nl z^)(^ G X & 1/ f n = 77 f n}. 

Let 

JT = {(u, n) : for some £ called £(u, n),u C ^cj, and 

?7, v G u & ?? < 77' G w w & v < 1/ G w w =>- (7/, z/) G J7 n 
and 77 G u & 77 < 7/ £ w w =>■ (r/, 7/) G [/„} 

if' = {(u, n) G if : for some P = (z^ : p G u) we have G AT', p < z/ p } 

So 

(a) K' y£ ; in fact if rji, . . . , rj m G X' are pairwise distinct, n < oj, then 
for any £ large enough ({r?j f £ : i = 1, . . . , to}, n) G if, 

(b) if (u, n) G if' as exemplified by v = (v p : p G u) and p* G u v' G 
X' \ i/' t ^ = v p* \ & then for any £' G (^, u>) and n' > n, large 
enough, we have ({u p \ £' : p G u} U {u' \ £'}, n') G K' . 

The following depends on §3: 

Theorem 1.15. Assume MA and 2 K ° > A^^Kq) or 2 N ° > p. T/ien: there 
is a Borel subset of the plane with a p-square but with no perfect square iff 
p < A^Nq). 



Proof The first clause implies the second clause by 1.12. If the second 
clause holds, let p < A Q (Ko) and a < u\, by [T^(6) letting r\i G w 2 for i < p 
be pairwise distinct we can find an cj-sequence of (2, 2)-trees T such that 
(vuVj) e U( limr n) for i,j < p and degsq(T) = a (just use A = {(rji,rjj) : 

n 

i,j < p} there). By |3.2|(3) the set |J(limT n ) contains no Aa, + i(No)-square. 

n 

Fact 1.16. Assume P is adding p > k Cohen reals; or random reals and 
k > 2 N ° . Then in V p we have 

(*) K there is no Borel set (or analytic) BC' J 2x' J 2 such that 

(a) there are r] a G wr L for a < k such that [a 7^ f3 =4> rj a / r]p], and 
(r) a ,rji3) G B for a,f3< k. 

(b) B contains no perfect square. 



Proof Straight as in the (last) stage G of the proof of theorem 1.13 
(except that no relevance of (7) of Stage A there). 

Let P be adding {r a : a < p), assume p G P forces that: B a Borel 
set, {n a : a < k) are as in clause (a), (b) above. Let r] a be names in 



21 



SAHARON SHELAH 



P Va = P r {rp : (3 E v a }, and B be a name in P v = P \ {rp : (3 6 v} where 
v, vp are countable subsets of k. Wlog (v a : a < (2 K °) + ) is a A-system with 
heart v and otp(t> a \ v ) = otp(i>o \ v). In V * we have B and 2^° = (2 H °) V , 
so wlog v = 0. 

Wlog the order preserving function f a> p from f Q onto vp maps ry Q to r/^. 
So for Q=Cohen in the Cohen case we have a name r such that ll~Cohen 
"r(r) € w 2 is new", ll- CohenxCohen "(r(ri); r(r 2 )) G B", and we can finish 
easily. The random case is similar. I |i.i6| 

Conclusion 1.17. 1. For k E the statement (*) K of 1.16| is not 

decided by ZFC +2 K() > N Wl (i.e. it and its negation are consistent 
with ZFC). 



2. 1.1b" applies to the forcing notion of 1.13| (with p instead of 2 N °) 



Proof 1) Starting with universe V satisfying CH, fact 1.16| shows the 
consistency of "yes". As by |L7|(1) we know that A £Jl (Ko) > N W1 and H UI > 
k (by assumption), Theorem |1.15| (with the classical consistency of MA 
+2 N ° > gives the consistency of "no" (in fact in both cases it works for 
all At simultaneously). 
2) Left to the reader. 

2. Some model theoretic related problems 

We turn to the model theoretic aspect: getting Hanf numbers below the 
continuum i.e. if if) G L UlU has a model of cardinality > A Wl (^o) then it 
has a model of cardinality continuum. We get that Pr a , 1 (A) is equivalent 
to a statement of the form "if ip E L^ x ^ has a model of cardinality A then 
it has a model generated by an "indiscernible" set indexed by w 2" (the 
indiscernibility is with respect to the tree ( — 2, <, H, <i x , <^ g ), where < is 
being initial segment, rjCif = maximal p, p < rj & p < v, <\ x is lexicographic 
order, n <i g v iff £g(rj) < lg{v)). This gives sufficient conditions for having 



many non-isomorphic models and also gives an alternative proof of 1.12. 

We also deal with the generalization to A-models i.e. fixing the cardinal- 
ities of several unary predicates (and point to A-like models). 

Claim 2.1. The following are equivalent for a cardinal A: 

1. Pr Wl (A) 

2. If rp E L UlU) has a model M with \R AI \ > A (R is a unary predicate) 
then ij) has a model of the cardinality continuum, moreover for some 
countable first order theory T\ with Skolem functions such that r(ip) C 
t(Ti) and a model M\ o/Ti and E R Ml for r\ E w 2 we have: 

(*)o Mi |= V 

(*)i Mi, a v (n E ^2) are as in fSh~a|, VII, §4]=[gh]], VII, §4], 



i.e.: 



(a) Mi is the Skolem hull of {a v : rj E ^2} and n ^ v a v ^ a u 
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(b) for every n < to and a first order formula (p = (f(xo, • • • , %n-l) 
G L(T\) there is n* < u) such that : 

for every k G (n*,uj), r] , . . . ,T] n -i G u 2 and v , ■ ■ ■ ,v n -\ G w 2 
satisfying 

f\ Vm\k = v m \k and f\ rj m \k / r]i \k 

m<n m<l<n 

we have 

Note that necessarily a v ^ Skolem HullM^av ■ v G w 2 \ {r?}}. 

(c) o„ Gi? Ml . 



Remark 2.2. We can prove similarly with replacing A by "for arbitrarily 
large A' < A" here and elsewhere; i.e. in 2) we replace the assumption by 
"If i/> G has, for every A' < A, a model M with > A' then ..." 

(and still the new version of 2) is equivalent to 1)). 

Proof 1. 2. 



Just as in [ 5h 37 ]+ [ |5h 48 ]: wlog ||M|[ = A and moreover |M| = A. Let M\ 



be an expansion of M by names for subformulas of ip, a pairing function, 
and then by Skolem functions. Let Ti be the first order theory of M\. There 
is (by |Ke71 |) a set T of countably many types p(x) such that: M\ omits 



every p{x) G T and if M[ is a model of Ti omitting every p(x) G T then M[ 
is a model of ip (just for each subformula /\ ip n (x) of t/j, we have to omit a 

n<u> 

type; we can use 1-types as we have a pairing function). Let us define 

Y = {v C UJ> 2 : u is finite nonempty and its members are pairwise <- 
incomparable and for some n, v C n 2 U ra+1 2}. 

Z = {(u, (/?(. . . , x v , . . . ) V £ V ) ■ v G Y, ip a formula in Ti with the set of 
free variables included in {x^ : rj G v} and for every a < uj\ there 
are G i? A/ for r\ G t> such that : [rj ^ v from v 7^ a"] and 

rk°({a^ : 77 G v}, M) > a and M \= tp[. . . , o°, . . . ]„ ew }. 

We say for (uj, y>0 £ Z (/ = 1,2) that (^2,^2) £ succ(t>i, </?i) if for some 
rj G f 1 (called 7/(^1, ^2)) we have t>2 = (^i\{??}) U {rj'(Q}, r]"(l}} and letting 
for z < 2 the function hi : v% — > V2 be /ij(^) \s v \i u ^ -q and it is if 
u = rj, we demand for i = 0, 1: 



<p 2 I" ¥>l(- ■ ■ ,Xhi(v),- ■ ■ ) 



Choose inductively ((vi,(pi) : I < u>) such that (fj+i, y^+i) € succ(^,(/9;) is 
generic enough, i.e.: 
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((g))l if tp = (f(xQ, . . . , € £(Ti) then for some I < uj for every m G [/, a;) 

and r/o, . . . , € u m we have: 

i x 'q k _ 1 ) or <£> TO 

j x Vk-l) 

((81)2 for every p(x) € T and for every function symbol / = /(xq, . . . , x n -i) 
(note: in Ti definable function is equivalent to some function symbol), 
for some I < uj for every m G [I, uj), for every 770, •• ■ , 77 ni £ w m for some 
t/>(x) £ p(x) we have 

It is straightforward to carry the induction (to simplify you may demand 
in (0)1, (<S>)2 just "for arbitrarily large m G [£, uj)" , this does not matter 
and the stronger version of (<8>)i> (®)2 can be gotten (replacing the u> 2 by 
a perfect subtree T and then renaming for 77 € lim(T) as for 77 G w 2)). 
Then define the model by the compactness. 
g. =» 1 

If not, then NPr wl (A) hence for some model M with vocabulary r, |r| < 

No, cardinality A we have a(*) = rk°(M) < uj\. Let ^/w*) G be 
as in ^3 below, so necessarily M \= ip a uy Apply to it clause (2) which 
holds by our present assumption (with R M = A), so ip a u\ has a model M\ 
as there, (so M\ \= ip a u\). But {a v : 77 G ^2} easily witnesses rk (Mi) = 00, 
moreover, for every nonempty finite w C {a v : 77 G ^2} and an ordinal a we 
have rk°(?x;,M) > a. This can be easily proved by induction on a (using 
(*)a(b) of (2) (and 77 ^ v G w 2 a,, + a u of (*) 2 (a))). 

Fact 2.3. 1. For every a < k + and vocabulary r, |r| < k, there is a 
sentence ip Q G L K + w \t\ (of quantifier depth a) such that for any r- 
model M : 

M \= ip a iff rk°(M; < N„) = a. 
2. For every a < 9 + , I G {0, 1} and vocabulary r, |r| < i/iere is a 
sentence ip G Lg+ ^{3- k )[t\ (3- k is the quantifier "there are > k many 
x's) such that for any r-model M: M \= ip l a iff rk'(M; < K,9) = a. 

PROOF Easy to check. D|J 
Hence (just as in §h~|, VIII, 1.8(2)]): 

Conclusion 2.4. Assume r is a countable vocabulary. If ip G L W1jW (t), -R is 
a unary predicate, to C t, A C {(^(x) : (p G ^^^(to)} is countable and for 
some transitive model Vi of ZFC (may be a generic extension of V or an 
inner model as long as ip, A G Vi and Vi |= ip G L^ 1iU} {t), A C {^(x) : ip G 
^o)i,w(to)}) we have 
Vi |= "Pr £Jl (A), and ip has a model M with 

A < \{{if (x) : M \= <p[a], tp(x) G A} : a G i? M }|". 
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Then 

1. we can find a model N of ip with Skolem functions and a a G R for 
a < 2 N ° such that for each a < 2^° the type p a = {lxp(x) : N |= 
iyjfooj] and if(x) G A} is not realized in the Skolem hull of 

{ap : (3 < 2*° and + a}. 

2. Hence \{M/ ~: M \= ip, \\M\\ = A}| > min{2 A , H 2 }; really {(Mfr )/ ~: 
M \= ip and M has cardinality A} has cardinality > min{2 A ,D2}. More- 
over we can find such a family of models no one of them embeddable 
into another by an embedding preserving ±(p{x) for <p G A. 



A natural generalization of 2.1 



is 



Claim 2.5. 1. For cardinals A > k > Ho i/ie following are equivalent 

(a) Pr K+ (A;K) 

(b) If M is a model, r(M) countable, R,Ro G r(M) unary predicates, 

we can /md Mo, Mi, 0,7(77 G w 2) such 

that 

(i) Mi zs a model of the (first order) universal theory of M (and 
is a r(M)-model) 

(ii) a„ G 1 /or 77 G w 2 are pairwise distinct 

(iii) Mi is i/ie closure of {a^ : 77 G ^2} U Mo under the functions of 
Mi ("so 

(a) Mi afeo includes the individual constants of M; in general 
||Mi|| = 2 K ° 

(/3) if t(M) has predicates only then \M±\ = {a v : rj G ^2} U 
\M Q \) 

(iv) M is countable, M C M, M C Mi, Mi = cl M (M Q n 
Rff),Ro h = Rq Io {C RM); in fact we can have: 

(*) (Mi, c) c( zm is a model of the universal theory o/(M, c) cg M 

(v) for every n < uo and a quantifier free first order formula 92 = 
(p(xQ, . . . , x n -i) G L(r(M)) there is n* < uj such that: for 
every k G (n*,u) and 770, 77 n _i G w 2, f ,...,f n _i G w 2 
satisfying 

f\ Vrn \k = v m \k and f\ n m \k ^ rji \k 

rn<n m<l<n 

we have 

we can even allow parameters from Mq in cp (but k depends on 
them). 

2. For cardinals A > k > Ko i/ie following are equivalent 
(a) 7 P rwx (A;«) 
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(by like (b) above, but we omit 'Mo C M' . 



Remark 2.6. 1. See LQ, 47 how to use claim 2.5 . 

2. In (b), if M has Skolem functions then we automatically get also: 
(i) + Mi a model of the first order theory of M 

(iii) + Mi is the Skolem hull of {a rj : rj G ^2} U M 

(iv) + M -< M, M ~< Mi, M countable (and i?^ 1 = C R*f), 

(v) + clause (v) above holds even for <p any (first order) formula of 

Wr(M)). 



PROOF 1) (a) =>- (6) Like the proof of (1) =4> (2), applied to (M, c) c€R m 

but the set Mo PI i?g J is chosen by finite approximation i.e. (letting Y be as 
there and r = r(M)) we let 

Z = {(v, cp(. . . , x^, . . . )r]£ V , A) : v G Y, tp a quantifier free formula 

in L UjU (t) with set of free variables included in {x v : rj G v} 
and parameters from A, A is a finite subset of Rq 1 , 
and for every ordinal a < k + there are € i? M for rj G w 
such that [ry 7^ ^ from u a° / a"] and 
rk({a° : 77 G u},M) > a and M f= <p[. ..,o«... ]„ etl }. 

We need here the "for every a < k + " because we want to fix elements of 
Rq 1 , and there are possibly k choices. 



-i(a) -1(6) Like the proof of 2.2; assume NPr a (A; k), a < k + , let M wit- 
ness it, choose Ro = q+1, R = X, w.l.o.g r(M) = {i? n ^ : n < u, £ < k}, R n £ 
is n-place, in M every quantifier free formula is equivalent to some R n f , let 
=: {(*(),••• ,in-i,/3,C) : |= Rn iC (io,... ,i n -l), {io,--- ,in-l} is with 
no repetition, increasing for simplicity, and rk({io,... , i^-i}, M; re) = (3, 
with rk({io, • • • , in-i}, M; re) ^ being witnessed by <p({io, ■ ■ ■ , i n -i}) = 
R nX, k ({iQ, . . . , i n -i}) = k} where the functions ip, k are as in the proof 
of |L13|. Let M be (A, <, R, Rq, R* n k ) n£ 

(o,u>),k<n expanded by Skolem func- 



tions. So assume toward contradiction that (b) holds, hence for this model 
M there are models Mq, Mi and a v G Mi for rj G ^2 as required in clauses 



(i) - (v) of (b) of claim 2.5 . Choose a non-empty finite subset w of ^2 and 
P and C such that letting w = {rj , . . . , 7? m _i} with a Ve < Ml a Ve+1 , we have 

(a) M l \=R* mik (a ri0 ,... , , /?, C) 

09) G < /0 (C a) 

(7) /3 minimal under those constrains 

Note: there are m, 770,. . . , r/ m _i, /?, £ such that (a) holds: for every non- 
empty w C w 2, as Mi is elementarily equivalent to M there are /3, ( as 
required in (a). Now (a) implies ( G jRjJ* 1 , ^0 1 = ^0 °i so c l aus e (/3) holds 
too, and so we can satisfy (7) too as the ordinals are well ordered. Let 
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ip' = (p(xo,... ,x m -i,(3, C), note the parameters are from R 1 (as M\ is 
elementarily equivalent to M) hence from Rq I(> C M, and clause (v) (of (b) 
of pE5| ) applies to ip' , (r]Q, . . . , ry TO _i) giving n* < w. We can find r]' k G w 2, 
^fc 7^ ^fc \ n * = Vk \ n*, and easily for w' = {rj t . . . , r] m -i,r)' k } we can find 
(3' < (3, (' < k and k such that Mi |= (flria > • ■ • i a »7 m _i > a ^ > /3'> C) an d 

then we get contradiction to clause (7) above. 

2) Similar proof. DF| 

Notation 2.7. Let A denote a finite sequence of pairs of infinite cardinals 
((Af;«f) : C < C(*)) such that increases with (, so e.g. A® = ((A®,k®) : 
C < C®(*))- We shall identify a strictly increasing R = {k^ : £ < C(*)) with 
((k c+1 ;k c ) : C < C(*)>- 

Let R, Rq, Qo, . . . , Q^(*)_i be fixed unary predicates and i? = 

((RoQd ■■ C < C(*)>- 

A A-model M is a model M such that : i?, R^,Q^ G r(M) are all unary 
predicates, = A f , \Qf\ = k c for C < C(*)» Qf ^ R ? and ( R ? '■ C < 

C(*)) are pairwise disjoint, and i? M = |J i?^. 

C<CW 

For a G R M let ((a) be the ( such that a G R¥ (e.g. R¥ = A c \ U A e , 

K C+i = \)- ^or a A-model M we say that a G cl K (A, M) if ^4 U {a} C 
M and for some n < u, and quantifier free formula (p(xi,yi, . . . ,y n ) and 
61, . . . , b n G A we have 

M |= p(a, &!,...,&„) & (3^ K x)v?(x,6i,...,6 n ). 



Definition 2.8. 1. For I < 6, A as in Notation 2.7, and an ordinal a let 
Pr„(A;#) mean that for every A-model M, with |r(M)| < 9 we have 
rk'(M, A) > a (and NPr„(A, 8) is the negation, if 9 is omitted it means 
kq, remember A = ((A^,k^) : £ < C(*))) where the rank is defined in 
part (2) below. 

2. For a A-model M, rk'(M,A) = sup{rk'(w, M, A) + 1 : io G [i? M ]*} 
where the rank is defined in part (3) below and: 

(a) if £(*) is finite, 

_ ^ w . w a g n j|- e gu^gg^ f ji m no f disjoint to any R^ 1 } 
(/?) if £(*) is infinite, 

j^Afj* = { w :w a finite non-empty subset of R M } 

3. For a A-model M, and w G we define the truth value of 
u xk l (w, M; A) > a" by induction on a: 

Case A a = 

rk'(w,M;A) > a iff no a G w(~)R M belongs to cl Kc , a) (w\{a},M) 
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Case B a is a limit ordinal 

rk l (w, M;X)>a iff ik l (w, ,M;X)>/3 for every ordinal (3 < a 
Case C a = f3 + 1 

We demand two conditions 

(a) exactly as in Definition |0](3) (*)3 except that when / = 
2, 3, 4, 5 we use k = kJ, , , 

(/?) if C < C(*) and w n Rf = then for some a <G rk^w U 
{a},M;9)>(3. 



Claim 2.9. The parallel of the following holds: 
also (use a < k^), \ij^(2) (for a < ), [T 



1.2\ ( + statements in 
TaU (satisfying Kq-c.c). 



Claim 2.10. If a is a limit ordinal and X^ > for every £ < £(*) 

then Pr Q (A). 

Proof Use indiscernibility and Erdos-Rado as in the proof of |1.S|(1). 

In more details. The induction hypothesis on a is, assuming £(*) < to: if 
A C R M , f\ \APi R¥\ > Xxa then for every j3 < a, k < u and every 



m = {m^ : ( < C(*)}> m c S (0,w) for some mQwe have /\ \w D | — 

C 

and rk(ui; M, A) > w x (3 + A;. Then for a = 7 + 1, choose distinct 
< ^cij x 7+m+m,j ) and use polarized partition (see Erdds, 

Hajnal, Mate, Rado ||EHMR|1 ) on ((af : i < 3 wXa ) : C < C(*))- For £(*) 
infinite use A C such that wa = {( : An R¥ 7^ 0} is finite non-empty, 
C € wa =$-\AC\ R^\ >Hujxa and proceed as above. l_ |2.io| 

Claim 2.11. Let C(*) < w, k§ < • • • < «£ w , A s = ((k| +1 ,k|) : £ < C(*)) 
f/or e < u). 

1. //Pr n (A n ) /or n < lo, and for some 9 < Kq there is a tree T € e> (fto) 
0/ cardinality < Kq tyit/j > 1^%^ 9-branches then: 

® every first order sentence which has a X n -model for each n, also 
has a X u -model 

<8>' moreover, if T is a first order theory of cardinality < Kq and every 
finite T'CT has a X n -model for each n then T has a X w -model 

2. So if X e = X for e < u are as above then we have Kq -compactness for 
the class of X^ -models. Where 

(©) a class .ft of models is n-compact when for every set T of < k first 
order sentences, if every finite subset of T has a model in & then 
T has a model in .ft. 

Proof Straight if you have read | Sh | ], [ 5h lis ], [ 5h 3Tf[ or read the proof 
of 2.12 below (only that now the theory is not necessary countable, no types 
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omitted, and by compactness it is enough to deal with the case £(*) is finite). 
IB 

Claim 2.12. Let £(*) < uji, X £ = ((«f +1 ,Ac|) : £ < C(*)} / or eac/i e < a;i 
(and re| strictly increasing with!;). IfPv £ (X £ ) for every e < uo\ and k^ 1 < 2"° 

and V 6 anc ^ / or eac/i e < u>i i/iere is a X s -model satisfying ifj then 

there is a X^ 1 -model satisfying ip. 

Proof For simplicity, again like pjj 8| , RSh lgfl , BSh 37| . Let M £ be a A £ 



model of ijj for e < wi. By expanding the M £ 's, by a pairing function and 
giving names of subformulas of tp we have a countable first order theory T 
with Skolem functions, a countable set T of 1-types and such that 

(a) M+ is a A e -model of T omitting each pGT 

(b) if M is a model of T omitting every p£T then M is a model of ?/>. 
Now as in the proof of 2A we can find a model M + and for £ < C(*)> 



?7 € w 2 such that 
(a) M + a model of T 

(J3) <4 G and n ^ v => af v ^ ai 

(7) for every first order formula <p(xo, . . . , x n _i) G L c<;jLlJ (r(T)) and C(0), • • • , 
C(n— 1) < C(*) ordinals, there is < w such that: if r/o, . . . , 7? n -l € w 2, 
fo, • • • , ^n-i £ ^2 and (r\i \ k : £ < n) is with no repetitions and % f 
k = u t \k then M+ \= <p(af\. . . , afc 1} ) = <p(a$?\. . . , afc 1 )) 

(<5) if cr(xo, • • • , is a term of r(T) and ((0), . . . , £(n — 1) < ((*), 

and p G r then for some k < u> for any po, . . . , p(n — 1) G k 2 pairwise 
distinct there is <p(x) G p(x) such that: 

(*) p t <ru€ u 2=^M+\= ^<p(a&°\. . . , a^)- 
(i.e. this is our way to omit the types in T) 
(e) If C(0), • • • , C( n — 1) < C(*)> 0"Oeo> ■ • • j x n -i) is a term of t(T), and 
m < n, then for some k < u>, we have 

(*) if 770, • • • , rjn-i 6 w 2, and i/ , • • • , v n -i G w 2 and % f fe = f £ f fe and 
(77^ \ k : £ < u) is without repetitions and < C( m ) =^ % = v t 
then 

M+ H Q«mM4a\ ■ ■ • > 4i-T X) )) & Q C M W<$ 0) > • • • , a^) 
^«r(ag \... l afc 1 J) = <r(a«^...,afc 1 )). 



Now choose C w 2 of cardinality A^ 1 and let M* be the r(M)-reduct 



of the Skolem hull in M + of {a^ : £ < £(*) and 7/ G Y^}. This is a 



model as required. 

eg 

Conclusion 2.13. If V H ^OH", V = Vg* for some c.c.c. forcing notion 
P then e.g. 
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letting 

A = ((H , (N W) N w+(t ,)), and A 1 = ((^, N w+a ,), (*Wu;, ^W^)), 

for any countable first order T, if every finite T'CT has a A°-model 
then T has a A^model. 

(**) <«{ : e < £(*)) -> K = e < £(*)> if a 4° ^ and k 'o <«£<••• < 

^ 2H ° ( and versions like p7Tl|(l)). 

PROOF Why? By [2T(] if A = ((A 5 ,k 5 ) : £ < ((*)), A f > the n 
Pr n (A) (really Ag > ^(ac^) for A; depending on n only suffices, see [jEHMRfQ . 
Now ccc forcing preserves this and now apply p. 11 . Similarly we can use 
9 + -cc forcing P and deal with cardinals in the interval (6, 2 9 ) in V p . L_ |2.i3| 

Remark 2.14. We can say parallel things for the compactness of (3- A ), for 
A singular < 2 Ao (or 9 + \T\ < A < number of ^-branches of T), e.g. we get 
the parallel of |2.13| . 

In more details, if Vo = V p , P satisfies the 9 + -c.c. then 

(*) in V p , for any singular A £ (0,2 9 ) such that Vo |= "A is strong limit" 
we have 

the class 



{(A, <, i?£ . . . )^<e : an n^-relation, (A, <) is A-like} 

of models is ^-compact, and we can axiomatize it. 

There are also consistent counterexamples, see | Sh 532|| . 
The point of proving (*) is 

(g> for a vocabulary r of cardinality < 6, letting T^. k be a first order theory 
with Skolem functions r(T^ k ) (but the Skolem functions are new), then 
TFAE for a first order T C L U)U (t) 

(a) T has a A-like model 

(b) the following is consistent 

TUTfu{(j(... ,x^ i \y n{e) ,...) e<k = a(... , x„f } , y n{e) , . . . )e<k V 
cr(. . . , xilp , y n (£)... ) > y n : n(£) < uj, % G w 2, and for some 
j < u, {rji \ j : £ < k) is with no repetition, % t i = ^ f i, 
n(f) < n =^ 7)i = Uf} U {cr(. . . , x%f\y n ^, ...) <y n : n(£) < n and 



3. Finer analysis of square existence 
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Definition 3.1. 1. For an w-sequence T = (T n : n < uj) of (2,2)-trees, 
we define a function degsq (square degree). Its domain is 

pfap = pfapy = {(u,g) : (3n)(u G [ n 2]*,g is a 2-place function 

from u to uj)} 

and its values are ordinals (or oo or —1). For this we define the truth 
value of "degsq-f > a" by induction on the ordinal a. 
Case 1 a = — 1 

degsq<f(ii, g) > — 1 iff (u, 5) € pfap^f and 77, ^ G u (77, G 

Case 2 a is limit 

degsq-f (ii,<?) > a iff degsqy(u,g) > /? for every /? < a 
Case 3 a = @ + 1 

degsq^ (u, g) > a iff for every p* G u, for some m, u* (C m 2), 5* 
and functions ho, hi, we have: 
/ij : u — > u*, 

(V77 G «)ry <] (77) 

(Vr/ G u)[h (r]) = /n(r?) 4» 77 ± p*\ 

u* = Rang(/i ) U Rang(/ii) 

(7* is a 2-place function from u* to ui 

g*(hi(r]), hi(v)) = g(r], v) for i < 2 and 77, 1/ G u 

degsq T (u*,g*) > (3 (so (u*,c/*) G pfap). 

2. We define degsq^ («, <?) = a iff 

for every ordinal (3, degsq(u, g) > (3 44> (3 < a 

(so a = — 1, a = 00 are legal values). 

3. We define degsq(T) = [j{degsqf(u, g) + 1 : (u, g) G pfap^}. 

Claim 3.2. Assume T is an uj-sequence of (2,2)-trees. 

1. For every (u,g) G pfap^, degsqy(u,g) is an ordinal, 00 or —1. ylny 
automorphism F of ( UJ 2,<) preserves this (it acts on T too, i.e. 

degsq-p (u )5 = degsq (F(Tn): „ <w) (F(u), 5 o F" 1 );. 

2. degsq(T) = 00 iff degsq(T) > u\ iff £/iere is a perfect square con- 
tained in |J lim(T n ) iff /or some ccc forcing notion P, I hp " |J lim(T n ) 

n<ui n<w 

contains a A wl (No) -square" (so those properties are absolute). 

3. // degsq(T) = a(*) < u>\ then (J lim(T n ) contains no X a (*)+i(^o)- 

n<u) 

square. 

4. For each a(*) < uj\ there is an uj-sequence of (2, 2)-trees T = (T n : n < 
ui) with degsq(T) = a(*) 

5. If T = (T n : n < uj) is a sequence of (2,2)-trees then the existence of 

an t^i-square in (J lim(T n ) is absolute. 

n<ui 
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6. Moreover for a(*) < io\ we have: if p, < A a („)(Mo), A,B disjoint sub- 
sets of ^2 x w 2 of cardinality < p, then some c.c.c. forcing notion 
P adds T as in (4) (i-e. an oj-sequence of (2,2)-trees T = {T n : 
n < lo) with degsq^(T) = a(*)) such that: A C [j lim[/(T n )] ; 

n<u> 

B n U lim[/(T n )] = 0. 

n<ui 

PROOF Easy to prove. 

E.g. 3) Let A = A a (*) + i(Ko) an d assume {r)i : i < A} C u 2, [i < j =>- r\i / 

rjj] and (t^,^-) G |Jli m ( T n) and let € lim(T g(r ,. i7? ,.)). For (u, f) G 

n 

pfapy, -u = {fo, • • • , fk-i} (with no repetition, <; x -increasing) let R( U J) = 
{(a , • • • , a fe _i) : < A and ve<r] ae ior £ < k and /(z/^, z/ m ) = g(j] ai ,r} am ) for 
£, m < fc}. Let M = (A, i?( u ,/))( u ,/) ep fap f - Clearly if we have a , . . . , a k -i < 
A and n such that (r] ae \ n : I < k) is with no repetition, giVa^yVa^)) = 
f(rj ae(1) \ n, rj ae(2) \ n) then R( u j)(a , «i, . . . , and we can then prove 

rk({a , • • • , afc-i}, M) < degsq f (u, /) 

(by induction on the left ordinal). But M is a model with countable vocab- 
ulary and cardinality A = A a (*) + i(No)- Hence by the definition of \ a (*)+i we 
have rk(M) > a(*) + l, so a(*) + l < rk(M) < degsq(T) < a(*) (by previous 
sentence, earlier sentence and a hypothesis respectively). Contradiction. 
4) Let 

W = {n : r] is a (strictly) decreasing sequence of ordinals, possibly empty}. 

We choose by induction on i < lo, m and an indexed set ((u l x , f x ,a x ) '■ x G 
Xi) such that 

(a) rij < lo, n = 0, rij < n i+1 

(b) Xi finite including (J Xj 

j<i 

(c) for i e I;, mJ. C n, 2, a two place function from u l x to lo and a x G Wi 

(d) for x G Xi, \u x \ = 1 <3> u l x = {0 ni } and ni G n^, 

(e) hi is a function from Xi into and hi C 

(f) |Xo| = 1, and /lo is constantly () 

(g) if x G Xi then : = a x and the function ^ ^ v \ m is one to 
one from onto u l x and z/ G u x +1 =>■ ^ f [n^nj+i) = 0[ n . iTl . +1 ) and 

r?, zv G < +1 => /x" 4 " 1 ^) ^) = fxiv \ m, v \ m) 

(h) for some x = Xi G Xi, (3 = Pi G fl a l x and p* = p* £ u l x and 
Tj G such that hi(xi) < Tj we can find y = y% such that 

(a) = ^ U {yj, yi £ Xi 
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(7) the function v 1— ► v \ is a function from u 1 ^ 1 onto u x , almost 
one to one: p* has exactly two predecessors say p\, p|> and any 
other p G u x \ {p*} has exactly one predecessor in ii^ +1 . 

(5) for v,r) G if (i/,ry) / (Pi,p|) and C^ 7 ?) ^ 01' Pi) 

then /* +1 (r/, t/) = p x (rj \ n h v \ m) 

(e) h i+1 = hiU {{yi, Ti)} 
(i) if x\, X2 € and u* n uj. 7^ i/ten uj. H u l x = {0 ni } 
(j) if x G Xj, /3 G Wi PI a4, p* G u* and < T G W then for some 

j G (i, u;) we have Xj = x, j3j = [3, p* < p* and Tj = T 

11- 2 2 

(k) the numbers /^(Pi >P2 )j fyf 1 ^ iP\ ) are distinct and do not be- 
long to U{Rang(/*,) : x G 
There is no problem to carry the definition. 
We then let 

T n = {(77, v) : for some % < u and iGl; and 7/, 1/ G uj, we have 

and for some £ < rii we have (77, t/) = (7/ f £, v 1 \ £)} 

and T = {T n : n < to). Now it is straight to compute the rank. 

5) By the completeness theorem for L Ul)U1 (Q) (see Keisler [ Ke71[ j) 

6) By the proof of |1| 

* * * 
Now we turn to K-Souslin sets. 

Definition 3.3. Let T be a (2, 2, /-c)-tree. Let set(T) be the set of all pairs 
(u, /) such that 

(3n = n(u, /))[u C n 2 & / : u x u -» \ & 77, 1/ G u => (77, 1/, /(??, 1/)) G T}. 

We want to define degsq r (x) for x G set(T). For this we define by induction 
on the ordinal a when degsq r (x) > a: 

Case 1 a = — 1 

degsq T (u,/) > a iff (it,/) G set(T) 
Case 2 a limit 

degsq r (u, /) > a iff degsq r (it, f) > f3 for every /3 < a 
Case 3 a = /3 + 1 

degsq^it, /) > a iff for every 77* G u, for some m > n(u, f) there 
are (it*, /*) G set(T) and functions ho, h\ such that degsq T (it*, /*)>/? 
and 

(i) n(u*,f*) = m 

(ii) hi is a function from u to m 2 

(iii) 77 < hi{rj) for i < 2 

(iv) for 77 G it we have /io(?7) 7^ h\(rj) <J4> 77 = 77* 

(v) for 771 ^ 772 G u, i < 2 we have /(771, 7? 2 ) < f* (hi(r)i) , hi(r] 2 )) 
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(vi) for rj G u* we have f(r]\n, r]\n) <f*(r], r/) 

Lastly, degsq T (u, /) = a iff for every ordinal (3 we have [/5 < a <S> 
degsq T (u,/) > 0\ 

Also let degsq(T) = degsq T ({(>}, {< (), () >}). 

Claim 3.4. 1. For a (2,2, k) -tree T, for (u, f) G set(T), degsq T (u,/) 
is an ordinal or infinity or = — 1. And similarly degsq(T). All are 
absolute. Also degsq(T) > k + implies degsq(T) = oo and similarly for 
degsq T (u,f). 

2. degsq(T) = oo iff lh P "prjrimT (= {(r],v) £ u 2 x w 2 : for some 
p G ^k, /\ (rj\n, u\n, p\n) G T}) contains a perfect square" for ev- 

n<u> 

ery (equivalently some) forcing notion P including the trivial one i.e. 
V p = V iff "prj lim(T) contains a 2 K ° -square" for some forcing 
notion P. 

3. If a(*) = degsq(T) < n + , then prj lim(T) does not contain a \ a (*)+i( K )- 
square. 

Proof 1) Easy. 

2) Assume degsq(T) = oo, and note that a* = {degsq^u, /) : (u, /) G 

set(T)} \ {oo} is an ordinal so [u, /) G set(T) & degsq T (u, /) > a* =4> 
degsq T (u,/) = oo (in fact any ordinal a > sup{degsq T (u, /) + 1 : (u, f) G 

set(T)} will do). Let set°°(T) = {(u, f) G set(T) : degsq T (n,/) = oo}. 
Now 

(*)i there is (u, f) G set°°(T) 

(*) 2 for every (u, f) G set°°(T) and p G u we can find (u + , f + ) G set°°(T) 
and for e = 1, 2 h e : u — > u + such that (Vr/ G u)(r/ < h e (r])), (V??, f G 
^(/fe^^Z+^W^eM), (Vr/ G = fofa) 4» r/ = p}. 

[Why? As degsq<p(«, /) = oo it is > a* + 1 so by the definition we can 
find (u + , f + ), h±, /12 as above but only with degsq T (u + , f + )>a*, but this 
implies degsq T (-u + , / + ) = oo.] 

(*) 3 for every (u, f) G set°°(T) with u = {i] p : p G n 2} C ( n ^2 (no repe- 
tition) we can find n 2 > n\ and (u + , f + ) G set°°(T) with u + = {i] p : 
p G ™+i2} C ( n2 )2 (no repetitions) such that 

(i) p G n+1 2 r] pln <r] p 

(ii) for pi, p 2 G n+1 2, pi \ n ^ p 2 f n f{v P i\n,Vp 2 \n) < f + {fl pi ,r] P2 ) 

(iii) for p G n+1 2, /(r/ pfn , r/ pN ) < f(r) p , n p ) 

[Why? Repeat (*) 2 2 n times.] 

So we can find (rj p : r/ G n 2), f n by induction on n such that (r/ p : p G n 2) is 
with no repetition, degsq T ({r/ p : p G ra 2}, /„) = oo, and for each n clauses (i), 
(ii), (iii) of (*) 3 hold, i.e. pi, p 2 G n+1 2, pi [ n ^ p 2 [ n =>■ fniVpi^V/nln) < 
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f n+ i(r] pi ,r] p2 ) and for p G n+1 2 we have fn(v P \n,Vp\n) < fn+liVp^p) and of 
course {rj p : p G m 2} C ( k ^2, k n < k n+ i < u. 

So we have proved that the first clause implies the second (about the 
forcing: the degsq(T) = oo is absolute so holds also in V p for any forcing 
notion P). Trivially the second clause implies the third. So assume the 
third clause and we shall prove the first, by 1.10| A^ + (ac) is well defined (e.g. 
< 3 K +), but A^ + (k) = X 2 k+ (k) by |1.6|(3), let P be the forcing notion adding 
XI+(k) reals. By |Tl3j(l) in V p , X k +{k) < X 2 k+ {k) < 2 N °, and so there are 
pairwise disjoint rji G u 2 for i < X k +(k) such that (r/j,^) G prj lim(T) for i, 
j < X k +(k). By part (3) of the claim proved below we get for every a < k + , 
as X a (n) < X k +(k) that ->[a = degsq(T)]. Hence degsq(T) > k + , but by 
part (1) this implies degsq (T) = oo. 

3) Just like the proof of |U(3). □ 



3.4 



We shall prove in | Sh 532f| 
Claim 3.5. Assume a(*) < k + and X < X a ^(n). 

1. For some ccc forcing notion P, in V F there is a K-Souslin subset A 
prjlim(T) (where T is a (2, 2, n)-tree) such that 

(*) A contains a X-square but degsq(T) < a(*) 

2. For given BC( u 2x w 2) v of cardinality < X we can replace (*) by 



(*)' Anf"2x w 2) v = B but degsq(T) < a[ 



Remark 3.6. We can also have the parallel of 3.2(7). 

The following says in fact that "colouring of pairs is enough" : say for the 
Hanf number of L Ul U below the continuum, for clarification see |3.8| . 

Claim 3.7 (MA). Assume X < 2 H ° and a(*) < u)\ is a limit ordinal, X < 

p = f Aq,(*)(Ho). Then for some symmetric 2-place function F from X to uj 
we have 

(*)\,fi,F f or 710 two place (symmetric) function F' from p to uj do we have: 

(**) for every n < u, and pairwise distinct (3q, . . . , (3 n ~i < p there are 
pairwise distinct ao, . . . , a n _i < A such that 

/\ F'(f3 k ,p l )=F(a k ,a l ). 

k<l<n 

Remark 3.8. 1. This is close to Gilchrist Shelah []GcSh 49l[| 

2. The proof of [T7] says that letting R n = {(a, (3) : F(a,f3) = re}, and 
N = [X,Rn) n<ul , we have rk(A^) < a(*). 

3. So improves §2 by saying that the examples for the Hanf number 
of L WltUJ below the continuum being large can be very simple, speaking 
only on "finite patterns" of colouring pairs by countably many colours. 
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Proof Let M be a model of cardinality A with a countable vocabulary 
and rk°(M) < a(*). Wlog it has the universe A, has the relation < and 
individual constants c a for a < uj. Let k M , ip M be as in the proof of 1.13 . 
Let P be the set of triples (u, f, w) such that : 

(a) u is a finite subset of A 

(b) / is a symmetric two place function from u to uj 

(c) w is a family of nonempty subsets of u 

such that 

(d) if a G u then {a} G w 

(e) if w = {ao, • • • , £ w (the increasing enumeration), k = k M (w), 
a £ u\w and (V/) [I < n & I ^ k =4> f(ai, a) = f(ai, 

then w U {a} belongs to w, (Vm ^ k)(a < a m -£4> < a m ) and fc = 
^(■wU^j^afc}) and M \= (p M (w)[a , ■ ■ ■ , a k -i, a, a k+ i, ■ ■ ■ ,a„_i] 

(f) if w l = {«q, . . . , ctn_i} Q u (increasing enumeration, so with no repe- 
tition), i = 0, 1, and (VI < k < n)[f(ctf,a° k ) = f{a},a\)] 

then w° € w ^ w 1 G w and if vf G w then ip M (w°) = ip M (w 1 ), 
k M (w°) = k M (w l ) and rk^w^M) = rk^u^M). 

The order is the natural one. 

It is easy to check that: 
®i P satisfies the ccc 

02 for every a < X, C a = {(u, /, w) G P : a £ u} is dense. 

Hence there is a directed GCP not disjoint from C a for every a < A. Let 
F = |J{/ : f° r some w, w we have (u,f,w) G G} . We shall show that it 
is as required. Clearly F is a symmetric two place function from A to uj\ so 
the only thing that can fail is if there is a symmetric two place function F' 
from [i to uj such that (**) of 3.6 holds. By the compactness theorem for 
propositional logic, there is a linear order <* of \x such that 

(*)' for every n < uj and (3q <* ■ ■ ■ <* /3 n -i from fi there are ao < • • • < 
a n -i < A such that /\k<i<n F '(Pk, Pi) = F(a k ,ai). 

Let 

W = |^J{w : for some u, f we have (u, /, w) G G}. 

Let N = (X,R n )n<u) where R n = {(a, (3) : F(a,f3) = n}, so rk 1 (u;,A^) for 
w G [A]* is well defined; in fact we can restrict ourselves to formulas of the 
form <p(x ,... ,x n -i) = f\ F(x h x k ) = c m(ijA .). Let N' = (/m, R' n ) n<u3 , 

l<k<n 

where R' n = {(a, (3) : F'(a,f3) = n}. Now first note that 
(8)1 if w G W then vk 1 (w , N) < ik 1 (w , M) 
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(this is the role of clause (e) in the definition of P; we prove it by induction 
on rk^u^M) using the same "witness" k M ). Secondly 

(g>2 for a < A we have {a} G W 

(this is the role of clause (d) in the definition of P). Hence we conclude (by 
0(2), ® x , ® 2 ): 

® 3 rk^iV) < a (*). 

Lastly 

<g> 4 if «o <* • • • <* « m _i < /i, /3 < • • • < /9m-i < A, 

A F'(a k ,a l ) = F(p k ,(3 l ) and {#,,... ,/3 m _i} G W 

k<l<m 

thenrk^lao,... , a m _i}, N') < rk^A), • • ■ ,/3 m ~i},A0 
(again it can be proved by induction on rk 1 ^/?/, . . . , /3 m _i}, iV), the choice of 
N' and our assumption toward contradiction that (**) from the claim holds). 
Now by <g> 3 , 04 and |h|(2) (and ® 2 ) we have rk^iV') < rk x (iV) < a(*) but 
this contradicts \\N'\\ = \i = A a (*)(&o)- Dfrij 

Claim 3.9 (MA). If X,fi,F are as in \3. 1j (i.e. (*)a,/x,f holds) then some 
Borel set B C w 2 x w 2 (actually of the /ormjj] |J lim(T n )) has a X-square 

n<u> 

but no fi-square. 



Remark 3.10. 1. The converse holds too, of course. 
2. Instead of A we can use "all A < fj," . 

Proof Wlog cf (A) > Ho (otherwise combine oj examples). Let F be a 
symmetric two place function from A to oj such that (*)\,fi,F- For simplicity 
let /* : oj — * oj be such that Vn3°°m/*(m) = n. We define a forcing notion 
P as in |1.13| except that we require in addition for p G P: 

®t f*(gr(a,/3))=F(a,P) 

®2 if ol 7^ 0', oi" ^ f3" are from u p , k < oj, rf a i \ k = rf a ,i \ k ^ rjg, \ k = 

rf pll \ k both not constantly 1 then F(a',f3') = F(a",(3") 
®3 if r\, v G n \v\i then for at most one m < m\p] we have (rj, v) G tm 
(8)4 if n < oj, n > 1, 770 <te • • • <ix Vn-i are pairwise distinct members of 
n (p)2andfc<Z=>.(7/ J fe,»7 l )e^( fc , 

then for some pairwise distinct ao, • • • , a n _i from u[p n ], we have 
A f*(h(k,l))=F(a k ,a l ) 

k<l<n 

We have 

©1 if a < (3 < A, there is a unique n < oj such that (ry Q , 77/3) G limT n . 



even lim(T); see remark 



1.14 
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Thus Unew T n contains a A-square. In proving that it does not contain a 
/i-square we apply (*)a,^,f- For this the crucial fact is 

© 2 if n< u, rj , . . • ,7/ n -i G ^2 are distinct, (%,?#) G lim(r ft(fc/ )) then for 
some pairwise distinct ao, . . . , a n -i < A 

/\ f*(h(k,l))=F(a k , ai ). 
k<l<n 

Instead of "T^ is dense" it is enough to show 

©3 for some p G P, p lh"the number of a < A such that for some q G Gp 
a e u ? is A". rijr| 

Similarly we can show 

Claim 3.11 (MA). Assume tt < A < 2 H °. T/ien 

1. For some symmetric 2-place functions from p to uj (for p < X) we 
have 

(*)(F :/i<A) f or no t wo place function F' from A to uj do we have: 

(**) for every n < uj and pairwise distinct @o, . . . , /3 n -i < A there 
are p < A and pairwise distinct ao, . . . , a n -\ < p such that 

/\ F , (p k ,p l ) = F fl (a k ,a l ) 

k<l<n 

2. Some Borel subset of ^2 x w 2 contains a p-square iff p < A (in fact 
B is an F a set). 

4. Rectangles 

Simpler than squares are rectangles: subsets of ^2x^2 of the form XqxXi, 
so a pair of cardinals characterize them: (Ao,Ai) where Xe = |AQ|. So we 
would like to define ranks and cardinals which characterize their existence 
just as ik e (w, M; k), AQ(fi:),degsqj>(— ), degsq T (— ) have done for squares. 
Though the demands are weaker, the formulation is more cumbersome: we 
have to have two "kinds" of variables one corresponding to Ao one to Ai. So 
the models have two distinguished predicates, i?o, Ri (corresponding to Xq, 
X\ respectively) and in the definition of rank we connect only elements from 
distinct sides (in fact in §3 we already concentrate on two place relations 
explaining not much is lost). This is very natural as except for inequality 
nothing connects two members of Xq or two members of X\. 

Definition 4.1. 

We shall define Prrc^(Ai, A2; < k,6q,6i), rkrc'((ioi, ^2)5 M, Ai, A2; «, #o> #i) 
as in 1.1 (but wi G [Rf' 1 }* and \R^\ = A/), replacing rk by rkrc etc. Let 
A = (Ai, A 2 ), w = (wi,w 2 ). 
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1. For / < 6, and cardinals A = (Ai,A2), Ai,A2 > re and 9 = (9q,9\), 
9q < 9\ < Ai, A2 and an ordinal a let Prrc^(A; < re, 0) mean that: 

for every model M with vocabulary of cardinality < 9q, such that 

2 

A \Rf\ = Aj, Rf C\Rf = 0, F M is a two place function with range 
i=i 

included in 9\ = Q M , we have rkrc'(M; < re) > q (defined below). 

Let NPrrc^(A; < re, 9) be the negation. Instead of < re + we may 
write re; if re = 9q we may omit #0; if #0 = ^o> re = Ni, we may omit 
them. We may write 9q, 9\ instead 9 = (9q,9\) and similarly for A. 
Lastly we let Arc„(re, 9) = min{A : Prrc^(A, A; < re, 0)}. 

2. For a model M, 

rkrc'(M; < re) = sup{rkrc'(?D, M; < re) + 1 : u> = {w\,W2) where 

w% Q Rf 1 are finite non empty for % = 1, 2 and 
(3c G Q M )(Va,b)[a £ Wl & b € w 2 F(o,6) = c]} 

where rkrc is as defined in part (3) below. 

3. For a model M, and 

w E [M]® = f {u : u = (ui,u 2 ), Ui C i?^ are finite nonempty and 
(3c)(Va,6)[aGiii&6Gu 2 ^F(a,6)=c]} 

we shall define the truth value of rkrc'(u),M; < re) > a by induction 
on the ordinal a (for I = 0, 1, re can be omitted). If we write w instead 
of wi, w 2 we mean uii=ron , w 2 = w n i?^ (here i?^ n i?^ = 
helps). Then we can note 

(*)o a< [3 k rkrc'(u), M; < re) > /3 => rkrc'(tt), M; < re) > q 

(*)i rkrc'(-u), M; < re) > 5 (5 limit ) iff f\ rkrc'(tt), M; < re) > a 

(*) 2 rkrc'(u),M;< re) > iff w € [M]® 

So we can define rkrc'(w), M; < re) = a for the maximal a such that 
rkrc'(tt), M; < re) > a, and 00 if this holds for every a (and —1 if 
rkrc'(w,M;< re) £ 0). 

Now the inductive definition of rkrc'(iy, M; < re) > a was already done 
above for a = and a limit, so for a = (3 + 1 we let 
(*)3 rkrc'(-u), M; < re) > /? + 1 iff (letting w = w\ U W2, « = |H> 

w = {ao, . . . , a n _i}), we have: for every k < n and quantifier free 

formula 

</?(x , • • • ,x n -i) = 

f\Xi^ xj & /\{Ri(xi) A i?2^j) A <pij(xi,Xj) : R\{ai) & #2(0?)} 

(in the vocabulary of M) for which M |= <p[ao, . . . , a n _i] we have: 
Case 1: 1 = 1. There are a l m G M for m < n, i < 2 such that : 
(a) rkrc' ({aj„ : i < 2, m < n}, M; < re) > /?, 
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(b) M \= (p[a l , . . . , ajj_i] (for i = 1, 2), so there is no repetition in 



a l Q , . . . , a l n _ 1 and [a l m G i?^ 1 



G^ 



for j = 1,2 



(c) a° / a\ but if m < n and (o m G ^ .R^) then 



Case 2: 
Case 3: 



Z = 0. 



Case 4: 
Case 5: 



(d) if a mi G Rf , a m2 G i?f then for any i,j (g {1,2}) we have 

( a mi i a rri2 ) = iflm\ > a rrt2 ) ■ 

As for I = 1 but in addition 

(e) f\a m = a° m 

m 

The definition is like case 1 but i < n; i.e. there are a l m G M for 
m < n, i < k such that 



(a) for i < j < k we have rkrc ({a 



mi " m 



: m < n}, M; < k) > (3 



(b) M \= <p[aQ, . . . , a^_i] (for i < k; so there are no repetitions 



m a. 



0' 



-i) 



(c) for i < j < k, a k ^ a k but if to < n and (a m G -Rf ^ 
i?f ) then c4 = aL 



(d) if omj G Rf, a m2 G flf then for any i, j, F (a, 

F \flm\ i Q"iri2 ) ■ 

Like case 3 but in addition 



(e) a r 



a 



o 



for m < n 



Like case 3 except that we replace clause (a) by 
(a)~ for every function H, Dom(ff) = k, |Rang(//)| < k for some 
i < j < k we have H{i) = H(j) and 

rkrc'({«^, a J m : m < n}, M;<k)> (3. 

Case 6: I = 4. Like case 4 using clause (a) - instead (a). 

4. For M as above and c G Q M we define rkrc (M, c; < «;) as 

sup{rkn/(u), M; < k) + 1 : u) G [M]® and 

(Vo G u-i)(V6 G u^j)[F(o,6) = c}}. 

5. Let Prrd^(A, k, 9) mean rkrc^(M, c; < n,9) > a for every M for some 
c G M when M is such that \R M \ = Ai, | = A 2 , |r(M)| < 6> , 
F M : Rf 1 x RM ^ Q M , = ^. Let NPrrd^(A, k, 0) mean_its 
negation and Ard^,(K, 0) be the minimal A such that Prrd„(A, A, k, 9). 



Remark 4.2. The reader may wonder why in addition to Prrc we use the 
variant Prrd. The point is that for the existence of the rectangle X\ x X2 
with F \ {X\ x X2) constantly c* , this constant plays a special role. So in 
our main claim ^6|, to get a model as there, we need to choose it, one out of 
9, but the other choices are out of k. So though the difference between the 
two variants is small (see [4.5| below) we actually prefer the Prrd version. 
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Clai m 4.3. The parallels o/[TJ (+statements in\H\), also \Tdj(2), \Tdj , 



Jldj hold. □ 
Claim 4.4. 1. J/ ^ G [i? 4 M ]* /or i = 1,2 f/ien 

w x rkrc'((wi, W2), M; k) > rk'(u;i U W2, M; k). 

2. If Rf 1 = (abuse of the notation) then rkrc'(M; < «) > rk'(M; «). 

3. // Ai = A2 = A then Pr a (A, k) => Prrc Q (Ai, A2; ft, k). □ 

Claim 4.5. Ard£(/c,0) = Ak&(k,0) if a is a successor ordinal or cf (a) > 8. 

Claim 4.6. Assume k < 6 < Ai, A2- Then the following are equivalent: 

A. Prrdi + (Ai,A 2 ;K,0) 

B. Assume M is a model with a countable vocabulary, \Rf*\ = Xi for 
I = 1,2, P M = k,Q m = 9, and F M a two-place function (really 
just F\(R^ x R^) interests us) and the range of F\{Rf x Rf) is 
included in Q M and G is a function from [R± ]* x [R^ ]* to P M . Then 
we can find r(M)-models Mq,N and elements, c*,a v ,b v (for r\ £ w 2) 
such that : 

(i) N is a model with the vocabulary of M (but functions may be in- 
terpreted as partial ones, i.e. as relations) 

(ii) a v € Ri , b„ £ R2 are pairwise distinct and F N (a„, b„) = c*(€ 
N) 

(iii) M countable, M CM, c* € Q M , M is the closure of (M n 
P M )U {c*} in M, in fact for some Mq -< M we have Mq = closure 
ofP M °U{c*}, c* € Mq, 

(iv) M C N, P Mo =_P N , 

(v) \N\ = {a(a v , b u ,d) : a is a r(M) - term , 77 € w 2, i/£"2 and d C 
M } 

(vi) /or {rji : I < /(*)}, {% : m < m(*)} C "2 (7)o£/i without repetitions 
non-empty) there is d 1 € P M ° such that ifdC. P M ° and quantifier 
free formulas <pi m are such that 

(</(*), m<m(*) 

then for some {a t : I < /(*)} C i?f , {6 m : m < m(*)} C R^ (both 
with no repetition) we have M \= f\ ( Pi,m[ a h b m > d] and 

(</(*), m<m(*) 

G({o ; : I < Z(*)}, {b m :m< m(*)}) = d 1 . 

(vii) /or ewery /irs£ order </? = y?(x, y, zq, . . . ) G L(r(M)) and do, . . . 6 
Mo there is k < u such that: for every rj\, 7/2, v\, V2 € u 2 such 
that 771 r fc = 772 t fc, t'l r fc = V2 \ k we have 

N \= ip[a m ,b Vll di,. . .} = <f[a V2 ,bv 2 ,d 1 , . . .]. 
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moreover 

(vii) + for every n < uj, first order = ip(xo, . . . , x n -i) G L(t(M)) quan- 
tifier free and dz,d%,. . . G Mq there is n* < uj such that: for every 
k G (n*,uj), 770,171 G ^2, Vq,V\ G w 2 satisfying 

Vo \k = Vi \k and vq \k = v\ \k 

we have 

N H ¥>KoA > d 2> ...] = (p[a m ,b ui ,d 2 , ... ,] 

(viii) // ip is an existential sentence in r(M) satisfied by N then ip is 
satisfied by M . 
B '~ . Like B omitting (vii) + , (viii). 

Proof (B)~ =>■ (A) Toward contradiction assume NPrrd re +(Ai, A2; k) 
hence there is a model M' witnessing it, so |r(M')| < k. So c G Q m =>- 
rkrc 1 (M / , c; k) < k + (note that Prrd was defined by cases of rkrc(M, c, k)). 

Let {(fi(x,y) : i < k} list the quantifier free formulas in L WiW (t(M')) with 
free variables x, y. Let {uj : i < k} list the finite subsets of k. For c G Q M ' 
and a ,... , ag(*)_i G , bo,... , 6 m (*)_i G i?^ (« = («o> • • • ><^(*)-i}> 
6 = (60, . . . , & m (*)-i) and for notation let a n+ i + £ = b() let 

a c,a,b = rkrc 1 (({a , . . . , a^(*)-i}, {&o, • • • , & m (*)-i})> M', c; k), 

and fc c „6, ¥> c a& be witnesses for rkrc 1 ((a, 6), M' , c; k, 8) ^ a c a6 + 1- Let 
i(c,a,b) < k be such that (/'cafe * s a conjunction of formulas of the form 
<Pj(.xi,y m ) for j G u i{c ^iy We define M: 
the universe is \M'\, 

the function F M ' , relations Rf,R^,Q M ,P M , the pairing 
function on ordinals, 

R„ = {(i,a,b): a G i?f , 6 G and 

if I > n then M |= <£>j[a, b] 
where j is the n-th member of uA 

and let H c be one to one from uj x rkrc(M', c; k, 0) x k into 
k; we define the function G: 

G c (a, b) = H(G cfi (a, b), G c>1 (a, b), G Ci2 {a, b)) = H(k cAl , a cfi h i cA>l ). 

Now we can apply statement (B) of |4.6| which we are assuming and get 
Mq, N, c* , a^, b v (for 77 G w 2) satisfying clauses (i) — (vii) there. So c* G 
M Q M' (IN, so (3* = rkrc(M',c; k) satisfies 0* < 00, even < k + . Clearly 
rkrc x (iV,c*;«;) < (3*. 
Consider all sequences 

((% : £ < £(*)), (v m :m< m(*)), di,d, {ip^ m : i < t(*),m < m(*)), 

(0/ :i < £(*)), (6m : m < m(*))) 
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which are as in clause (vi) of (B). 

Among those tuples choose one with a* = rkrc 1 ({a^ : I < £(*)}, {b m : m < 
m(*)} , N , c* ; re) minimal. Let this rank not being > a* + 1 be exemplified 
by p and k < £(*) + m(*), so by symmetry wlog k < £(*)■ 

Choose k* < to large enough for clause (vi) of (B) for all formulas p(x, y) 
appearing in {tpj(x,y) : j E u ic ,_ J where i c . )S)6 = G c * j2 (a,6) and (77* \ 
k* : £ < £(*)), {v m \ k* : m < m(*)) and with no repetition. Choose 
€ 2^ \ {r/fc} such that 77^*) |~ A:* = % f fc*. Now apply clause (vi) of 
(B) to ff = (n e : £ < £(*)), v' = (u m : m < m(*)), A V^(*),mfo(*), x m), d[, d'. 

m 

By the choice of ip, these clearly satisfy rkrc 1 ({a^ : £ < £(*)}, {b' m : m < 
m(*)},N,c*;K,6) < rkrc 1 ({a£ : £ < £(*)}, {b m : m < m(*)}, N, c*; re, 0) = 
a*, but by this we easily contradict the choice of a* as minimal. 
(A) => (B) 



As in the proof of 2.5 , |2.1| (choosing a fixed c). 
(B) =» (B)" 

Trivial. Dp~g| 



Discussion 4.7. 1. When applying |4.6| (1) =>- (2), or 2J3 we can use M 
which is an expansion of (7i(x), E, <*) by Skolem functions, P M = k, x 

large enough, so for 77, v E w 2, N v>v d = cljv(MoU{o ?? , a^}) is a model of ZFC, 
not well founded but with standard uj and more: its {i : i < re} is a part of 
the true re. In [ |Sh 532| ] we will have as in[2l]Mo C N, M -< M, M -< N VjU , 
and if N<n V \= ll p(rj,u), zv, 77 are (essentially) in w 2, p E Mq a re-Souslin 
relation", then V |= p(r],v). 

2. We can give a rank to subsets of Ai x A2 and have parallel theorems. 

Claim 4.8. If p C w 2 x u 2 is \J pi, each <pi is K-Souslin, p contains a 

i<e 

(Ai, X2) -rectangle, and Prrd* ++1 (Ai, A2; 6) then p contains a perfect rectan- 
gle. 

PROOF Let ^(77, v) = (3p)((rj, v, p) E lim(Tj)) where Tj is a (2, 2, re)-tree. 
Let M be E, <£, (Tj '■ i < 0),h,T,\i,\2,Ri,R2,Q,n) n<u} expanded 

by Skolem functions, where Q M = 6 and choosing 77, E w 2 for i < \\ pairwise 
distinct, Uj E w 2 for j < A2 are pairwise distinct, = {rji : i < Ai}, 
R¥ = { u i '■ 3 < ^2} an d let T, h be functions such that (774, Uj, Tfa, Uj)) E 
lim^ft^^.)). So let N, Mo, c* , a v (for 77 E w 2), 6^ (for r\ E w 2) be as in clause 
(B) of Now M has elimination of quantifiers, so there are quantifier free 
formulas p l n (x) saying (in M) that x E Re & x(n) = 1, and H n (x, y) be such 
that xeRf &y€ Rf => (T(x, y))(n) = H n (x, y) E re = 

So for 77 E w 2 we can define <r^ E w 2 by cr^(n) = 1 44> A r |= (p^a^) and 
<rj E ^2 by o*{n) = 1 O |= ^(6^) and we define, for 77, v E ^2, a 
sequence a v , u E w >(p^o) c u> k by cr^^^) = H n (a v ,b u ). 
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Now A =: {a l q : rj G w 2}, B =: {ai : r] G "2} are perfect and for rj, v G w 2, 
(a^, 0"^, a,, j/) G lim(T) hence 4 x B is a perfect rectangle inside prjlim(T). 

Fact 4.9. 1. A ssume that ip C w 2 x w 2 is 6\-Souslin, k < $i, — 

cf (S< K (9i), C). T/ien 99 can 6e represented as \J (fi, each ifi is k- 

i<e 

Souslin. 

2. If ip is co- k- Souslin, then it can be represented as \J ifi, each (fi is k- 

i<K+ 

Borel (i.e. can be obtained from clopen sets by unions and intersections 
of size < k). 

Proof 1) Easy. 

2) Let -xp be represented as prj lim(T), T a (2, 2, «;)-tree. 

Now p(r/, v) iff TL„) = {p : for some n, (7/ \ n, v \ n, p) G T} is well 
founded which is equivalent to the existence of a < k + , f : — ► a such 
that p\ < p2 G T =>■ /(pi) > f{p2)- For each a < k + , this property is 
K-Borel. D^g| 

Conclusion 4.10. If </> is an H n -Souslin subset of w 2 x u 2 containing a 
(Ard Wl (N n ), Ard wi (N n ))-rectangle i/ien it contains a perfect rectangle. (Note: 
tt ra can replaced by ft if cf (S<^ (k), C) = k e.g. N^ 4 , by [}5h g , IX, §4].) 



Conclusion 4.11. 1. For / < 6, Pvtc 1 00 (k + , (2 K+ )+; k). 

2. If V = VP P |= c.c.c. and V |=GCH then Prrc Wl (Ni, H 3 ). 

3. Prrc^(Ai, A2; k, 0) (and Prrd^(Ai, A2, 9)) are preserved by c.c.c. forcing 
notions. 

Proof 1) For a model M, letting (Ai,A 2 ) = (k + ,(2 k+ ) + ) choose (for 
m = 1,2) a™ a nonempty sequence from for i < X m , {af 1 : i < X m } 
pairwise disjoint. For (i,j) G Ai x A2 let Pij = rkrc(aj, a|, M) with wit- 
nesses fe M (aj,af), p M (a},a 2 ) for -■rkrc 1 (a J 1 , a|, M) > (3 hj . As A 2 = (2 Al )+, 
l T (-^0l < K > for some -B2 ^ A2, I-B2I = A2 and for every z < Ai the following 
does not depend on j G B^'. 

k M {ala%<p M {a\,a)). 

Similarly, there is B\ C Ai, \B\\ = \\{= k + ) such that for j = min(l?2) the 
values 

k M (a},a]),ip M (aj,a 2 j ) 

are the same for all i G B±; but they do not depend on j G B2 either. So for 
(i,j) £5ix5 2 we have k M {a\,af) = k* , y M {a\,a]) = <p* . Let k* "speak" 
on aj, for definiteness only. Choose distinct in B\ (for ( < Wlog 
rkrc 1 (a} , a] , M) < rkrc 1 (af , a) , M) . 
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Now a£ give contradiction to rkrc'(a* Q , a|, M) ^ Aoj- 
2) By part 1) and 3). 



3) Like the proof of 1.10. H 4 - 11 ! 



Remark 4.12. 1) If T C w> 2 a tree, ixBC lim(T), A,BQ w uj uncountable 
(or just not scattered) then lim(T) contains a perfect rectangle. Instead 
lim(T) (i.e. a closed set) we can use countable intersection of open sets. 
The proof is just like |1.17| . 

2) We can define a rank for (2, 2, «;)-trees measuring whether prj lim(T) C 
w 2x w 2 contains a perfect rectangle, and similarly for (to, u>)-tree T measuring 
whether lim(T) contains a perfect rectangle. We then have theorems parallel 
to those of §1. Will appear in [^h 532(| . 



The use of u uj below is just notational change. 

Definition 4.13. For T a (u, u;)-tree we define a function degrcj- (rectangle 

degree). Its domain is rcpr(T) = f {(ui,Vq) : for some I < lo, u\,U2 are 
finite nonempty subsets of 1 lo and g a function from u\ x u 2 to uj such that 
(tJOiVi) € T for rji G u^}. Its value is an ordinal degrc^-ui, 112) (or —1 or 
00). For this we define the truth value of degrc T (-ui, 112) > a by induction 
on the ordinal a. 

case 1 a = — 1 

degrcy(tti, M2) > — 1 iff (1*1,1*2) is in rcpr(T) 
case 2 a /irmi 

degrc r (ui, U2) > a 12 degro r (iti, 1*2) > /? /or every (3 < a 
case 3 a = (3 + 1 

degrc T (iii, U2) > a iff /or /c G {1, 2}, r/* £ Uk we can find l(*) < u, 

and functions ho, hi, such that : 

Dom (/ij) = ui U ii 2 , [77 G Ui U u 2 => f? < ^i(??) G 'Wo;] 
such that h (r)*) 7^ hi(jf), rj G /i (r?) = hi (77) 

and letting uj = Rang(/io ftij) U Rang(/ii fiij) we /iaue 
degrc T (uJ,n}) > /3. 

Lastly define: degrc T (uo,ui) = a iff /\[degrc T («o, 1*1) > (3 <3> a > f3] (a 

P 

an ordinal or 00). 

Also degrc(T) = degrc T ({()}, {()}). 

Claim 4.14. Assume T is in an (uj,uj)-tree. 

1. For every (uo,iii) G rcpr(T), degrc^^o, u\) is an ordinal or 00 or —1; 
if f is an automorphism of i w> u),<\) 
then degrc T (-u ,«i) = degrc /(T) (f(u ), 
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2. degrc(T) =00 iff there is a perfect rectangle in lim(T) iff 
degrc r (^o, U\) > w\ for some (uq,u\) (so those statements are abso- 
lute) 

3. //degrc(T) = a(*) < uj\ then lim(T) contains no 

(Arc a (*) +1 (N ), Arc aW+1 (K )) -rectangle. 

4. IfT = (T n : n < uj) is a sequence of (u,u) -trees and degrc(T n ) < a(*), 
and A = [J lim(T n ) then 

n<u) 

A contains no (Arc a (*) +1 (No), XTC a ^ + ii^^) -rectangle. 

5. In part 4- we can replace uj by any infinite cardinal 9. 

PROOF 1), 2), 3) Left to the reader. 

4) Follows from part 5). 

5) Let A = Arc Q („) +1 (0), and let T = (Tj : i < 9), degrc(Tj) < a(*) and 

A = (J lim(Tj). Let {i] a : a < A} x {up : (3 < A} C A where a < /3 => r\ a 7^ 

%<e 

rjp & u a ^ up, and for simplicity {rj a : a < A} n {up : < A} = 0. 

We define a model M, with universe H{{2 H °) + ) and relation: all those 
definable in (H{(2 Hl ) + ), e, <* , R 1: R 2 , g,f,i)i< e where Rf = {rj Q : a < A}, 
R ¥ = i v P ■ < A )> 9(Va, vp) = min{« < 6 : (n a , Up) € lim(Tj)}. 

Next we prove 

(*) if w e G [Rf] + for £ = 1,2, then 

ikrc((wi, w 2 ),M) < min{degrc Tj ({r/ Q , \ k : a G ui}, {up \ k : (3 G ii 2 }) : 

""l - U)%, U2 C it; 2 , ni 7^ 0, U2 7^ 0, k < uj and 
(r/o- \ k : a G Hi) is with no repetitions, and 
{up \ k : G U2) is with no repetitions}. 

We prove (*) by induction on the left side of the inequality. Now by the 
definitions we are done. L |4.i4| 

Claim 4.15. 1. For each a(*) < uj\, there is an ui-sequence T = (T n : 
n < uj) of (uj, uj) -trees such that: 

(a) for every /i < Arc a (*)(No), some c.c.c. forcing notion adds a (fJ-,n)- 
rectangle to \J lim(T n ), 

n<u) 

09) degrc(T n ) = «(*). 

2. // NPrrc^^^Ai, A2; ^o) then for some (uj,uj)-tree T: 

some c.c.c. forcing notion adds a (Ai, A2) -rectangle to lim(T) such 

that a(*) = degrc(T) 
( consequently, if Pitc^*) (A' x , A' x ; Ho) then there is no (A' x , X[ ) -rectangle 
in lim(T) ). 

3. Moreover, we can have for the tree T of (4): if /x < Arc^) (^o); 
A, B disjoint subsets of ^2 x u 2 of cardinality < [i, then some c.c.c. 
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forcing notion P, adds an automorphism f of ( w> u;,<i) such that : 
A C lim*[/(T)], B D lim*[/(T)] = (^t/te lim* means closure under 
finite changes). 



Proof We define the forcing for part 2. and delay the others to [3h 532|. 



2) It is enough to do it for successor a(*), say /?(*) + 1. It is like [1.13 



we 



will give the basic definition and the new points. Let M be a model as in 
Definition p~l \Rf\ = A;, rkrc 1 (M) < a(*) sorkrc^M) < /?(*). We assume 
that R^jRM are disjoint sets of ordinals. For non empty a,\ C Rf 1 (I < 2; 
no repeatition inside a/), let (p M (a\ , 0,2) , k M (0,1,0,2) G Rang(ai) URang(a 2 ) 
be witnesses to the value of rkrc (ai, 0,2, M) which is < a(*). 

We define the forcing notion P: 

a condition p consists of: 

1. u p = (uq, u\) and uf = u e \p] is a finite subset of i?^ for e < 2, 

2. n p = n[p] < u) and = Va\p] 6 n ^o> for a £ u? such that a / (3 £ 

p p _z p 

*4 < 7^ 

3. < mP < uj and tfn C (J{'w x l u : I < n p } closed under initial segments 
and such that the <-maximal elements have the length n p and (} G t p , 

4. the domain of f p is {u = (u\,U2) '■ for some / = l(u\,U2) < ^ p and 
m = m(ui,U2) < m p we have u e C if n 'cj and if a\ G iti, «2 £ 
^2, f I 6 ui, r/a 2 I" ' ^ n 2 then ^(01,02) = rn} and / p (it) = 
(f Q (u),fl(u),f2°(u)) G «(*) x (m Uu 2 ) x L wli£J (r(M)) ; 

5. a function g p : u\x u?, — > {0, . . . , m p — 1}, m p < cj, 

6. 4 n ^lj = {(rf^rfp) : a G <,/? € «f and m = g p (a, 0)} 

7. if + u e C ^n'w, / p (ni,n 2 ) = (j3* , p* , <p*) , I < /(*) < n p , for i = 0, 1 a 
function has the domain u e , [(VZ)(/9 £« £ 4 p<ei jC (p) G iffl^u;)], 
[p* ^: u e Sz p £ u e e ,e(p) = e 1>e (p)], [p* G u e e 0j6 (p*) / 
ei, e (p*)] and / p (e ,i(>i) U e^ux), 60,2(^2) U ei )2 (u 2 )) = (/3',p',(p') (so 
well defined) 

then /? < /?*, 

8. if Z < n p , for e = 1,2 we have u e C u? are non empty, the sequence 
(rfo \l ■ a G u e ) is with no repetition, and u' e = {rja \ I ■ a G u e } and 
/ p (itj,it 2 ) is well defined, 

then 

where a is k M (u\,U2) and 
/oK.m^) = rkrc(m,7i 2 ,M), 

9. if (li^-u^) G Dom (/ p ) then there are l,u±,U2 as above, 

10. if (7/1,772) G tfn D ( n 2 x n 2) then for some ai G u\, a 2 G u 2 we have 
g p (ai,a 2 ) = m and 7/1 < 77^, 772 < 7/g 2 . 

Pll4 
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Remark 4.16. We can generalize 4.13, 4.14, 4.15 to Souslin relations 
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